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Holmgren problem for Helmholtz equation with the
three singular coefficients
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Abstract. Fundamental solutions for a multidimensional Helmholtz equation with three
singular coefficients have been constructed recently which are expressed in terms of the
confluent hypergeometric function in four variables. In this paper, we study the Holmgren
problem for a 3D elliptic equation with three singular coefficients. A unique solution of
the problem is obtained in the explicit form.
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1 Introduction

In the monograph of Gilbert [8], by applying a method of complex analysis, inte-
gral representation of solutions of the generalized bi-axially Helmholtz equation

2 2
Hg(u) = tgg + Uy + ?O‘ux + yﬁuy ~Mu=0,0<20,28<1 (1)

are constructed through analytic functions. The obtained formula contains rather
bulky series and is inconvenient in applications. In article [2], the equation (1) was
considered in two cases: whena =0, 5> 0and A =0, 8 > 0.

There are many works in which some problems for the modified equation (1)
were studied [7, 15,17,20,25]. In paper [9], for generalized bi-axially Helmholtz
equation (1) four fundamental solutions in Ry = {(z,y) : > 0,y > 0} were
found and in works [21-23] the Neumann-Dirichlet type boundary value problems
in the first quarter of the circle were solved.

Dirichlet and Dirichlet-Neumann (Holmgren) problems for elliptic equation
with one singular coefficient in some part of ball were investigated by Agostinelli
[1] and Olevskii [19]. Fundamental solutions for the following three (and more)-
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dimensional elliptic equations with two and three singular coefficients

2 2
um—l—uyy—i—uzz—l—jux—o—yﬁuyzo, 0<2a,28 <1, 2)
2a 203

2
T, =0, 0<20,28,2v<1 (3

Ugg + Uyy + Uzz + 5 U + ?uy + =

and
P 2a 28 2y s
Zuzczam + — Uy, + — Uy, + Uy — Au=0,
i1 4a z2 3

p>3,0<20,28,2v<1, A€ R

were constructed, respectively, in [14], [10] and [6], where «, 3, and X are real
numbers. For equations (2) and (3), the Dirichlet, Neumann and Holmgren prob-
lems were solved in some parts of the ball [13, 18,24].

In this paper, we study the Holmgren problem for the equation

20 28 2
g, (0) = e + tyy + s + 1ty + Syt gu “Nu=0, @)

where «, 3, and A are real numbers with 0 < 2a, 23,2y < 1.

2 Preliminaries

Below, we give some formulas for Euler gamma-function, Gauss hypergeometric
function, Lauricella hypergeometric function in three variables and a confluent
hypergeometric function in four variables, which will be used in the next sections.

It is known that the Euler gamma-function I" (a) has the following properties
[5, pp. 17-19, (2), (10), (15)]:

[(a+m) =T (a) (a),,. r<a+;) —m r(i) _

Here (a),, is a Pochhammer symbol, for which the equality

(@)in = (@) (@ +m),,

is true [5, p.67, (5)].
A function

F(a,b;c;z) = F

a, b; o (@), (D)
m m m7 < 1
o x] E ™, |z

=20, m!
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is known as the Gauss hypergeometric function and the equality
I'e)T'(c—a—0)

I'(c—a)T(c—b)’

[c#0,—1,-2,...; Re(c—a—1b)>0] 5)

F(a,b;c;1) =

holds [5, c.73, (14)]. Moreover, the following autotransformer formula [5, p.76,
(22)]

F(a,b;c;x)—(l—x)bF(C—mb;c; > ) (©6)

x—1
is valid.
The confluent hypergeometric function in four variables has a form [6]

Hf’l) (a,by, by, b35¢1, 02,0352, y, 2, t)

_ = (a)m+n+k—l(bl)m(bZ)n(b3)k z™ yn 2l
= Z ()m(e)n(c3) ﬁﬁﬁﬁ"ﬂﬂyH'Z' <l ()
m,n,k,[=0

The three-dimensional analogue of the function
Hgyl) (CL, bl 5 bZ) b3; C1,C2,C3,1,Y, %, t)
was first introduced and investigated by Hasanov [9]:

As (a, by, bascr, 52, y,t)

[ee]
a _1(b mb nxm ntl
= > ””ééif(@i)“) il <L ®
m,n,l=0 m " B

For a given multiple hypergeometric function, it is useful to find a decompo-
sition formula which would express the multivariable hypergeometric function in
terms of products of several simpler hypergeometric functions involving fewer
variables. Burchnall and Chaundy [3,4] systematically presented a number of ex-
pansion and decomposition formulas for some double hypergeometric functions in
series of simpler hypergeometric functions. For example, a Lauricella function in
three variables is defined by [16]

3 = (@) pmin (01); (02),,, (B1),, 2! y™ 27
Y (a0, b 1,2, 055, 2) = Z l+(cJ1r)z(cz)l (1) W m!n!

I,m,n=0

and the following decomposition formula holds true [11, 12]

Ff) (a3 b1, b2,b35¢1, 02, €352, y, 2)
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i (a)l+m+n (bl )l+m (b2)1+n (b3)m+n ghtm y”” Zmtn
L =0 (Cl)l+m (Cz)l+n (03)m+n n! m! [
XF(a+1+m,bi+1+m;c; +1+m;x)
xFa+l+m+nby+1l+nc+1+ny)

XFa+l+m+nbs+m+n;c3+m+mn;z)

®

Lemma 2.1. [6]. The following decomposition formula holds true

Hf g (a3 b1,b2,b35¢1,¢2, ¢35, ,y, 2, 1)
1)t (b b b
ZZZA(Squ( ) <1>(2)(3)k£#£ﬁ,
01(35) (1 =a), (c1); (c2)j (c3)y 2t 3" M
+s3b1 +i, by + 5,03+ ke +i, 00+ j,es + ki, y, 2)
xoFy (1 —a+q;—t),

(10)

where
1, if s=0and ¢ =0,
A(s,q) = :
q/s, if s > 1 and ¢ > 0,
I1(3,8) ={(i,5,k) :i>0,j >0,k >0,i+j+k=s}.

o0
oF1 (a;2) = > x is a generalized hypergeometric function [5, Chapter
V] n=0 (a)n n!

By virtue of the formulas (9) and (6), the expansion (10) yields
HY (301, b, b o1, e, 33,9, 2,8) = (1= 2) " (1= y) 2 (1= 2) 7>
x XX X A(s,q)s!Cd

l,m,n,s=0q=01(3,s)
( 1)S+q (a)l+m+n+s (bl)i+l+m (bZ)j+l+n (b3)k+m+n

(a)s (1 — a) (€)ititm (Cz)j+l+n (€3)kmrn 17K INIMI !
( i+l+m

q

x Flor—a—j—kbi+i+itme +i+i+mi )
J+l4n
(i) F(aa
k

F 62—a—z—k—m,bz—l—j—i—l—i—n;cz—i—j—&—l—l—n;%)

+m+n
F(@—a—z—y—l by +k+m4nses+k+m+n; = 1)

xoF1 (1 —a+q;—t). (11)

Expansion (11) will be used for solving various boundary value problems for equa-
tion (4).
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In the present paper, R§+ denotes 1/8 part of the Euclidean space R>:
R§+ ={(z,y,2): >0,y >0,2>0,}.

All the fundamental solutions of equation (4) in the domain R;* were found in
[6], and we will use one of these solutions in the study of the problem:

q (z,y,2:6m,¢) = % T’ZC“OHS’I) (v, @, 8,73 200,23, 275 0) (12)

where
g = (Ula 02,03, 04) )

1
0<20,28,2v < 1, ozozi—l—oz—f—ﬁ-f—%

['(ap) T'(a) T(B) T'(v)
73/2 T (2a) T (28) T (27)’
P=@—+y-n+=-0% M=+ +y—n’+ (-0
m=E@—0"+@+n)’+(:=-0% n=@-9"+w-n’+ =+

and

'YO — 220{0—3 (13)

2 2

.
op=1- T%(k =1,2,3),04 = —Zrz.

Here HS’I) (a,by, by, b3;cq,C0,C3:%,y,2,t) is a confluent hypergeometric func-
tion, defined in (7).
It is easy to verify that the fundamental solution gg (z, y, 2; £, 1, ¢) has the prop-

erty
L ) )
)]0 9y /| y—o 0z

3 Formulation of the problem and uniqueness of the solution

2=0

Let Q C R;r be a domain, bounded by planes
Si=A{(z,y,2): ©=0,0<y<b, 0<z<c},
S, ={(z,y,2): y=0,0<2x<a,0<z<c},
Sy ={(z,y,2): 2=0,0<x<a,0<y<b}

and by surface S which intersects domains S;(i = 1, 3). Lines of intersections are
designatedasI'y = SN S, I =5N5,, I3 =5N853and a, b, c = const. > 0.
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Holmgren problem. Find a function u (x) € C' (Q) NC2 (Q), satisfying equation
(4) in Q and conditions

0
(xmé;[f) _=n), w2es, (14)
2681&
Y= =1 (.’L’,Z), (.’E,Z) 6527 (15)
oy y=0
2~ OU
27— =3 (.Z',y), (xuy) 6837 (16)
0z /)|,

u|S:<p(x7y7Z)7 (l’,y,Z) 65'7 (17)

where 1, and ¢ are given functions, and, moreover, v, can reduce to an infinity of
the order less than 1 — 2ac — 23 — 2y on the boundaries of Sj.
One can readily check that an equality

o 0
a2oqy?B 2 [uH&\&/(w) - wH(i‘m(u)} =5

[‘qzz‘l‘yzf6 22 (uw, — wux)}
x

O [ 20,282y 9 [ 20,28 27
+8y {x yz (uwy—wuy)} + 9 {x yz (uwz—wuz)}

is true. Integrating both sides of above given equality on the domain . and using
the classical formula of Gauss-Ostrogradsky, we get

/ a2 2B [th;\ﬁ7 (w) — ngB'y(u)} dxdydz
= / 22?8 22 (ww, — wuy) cos (n, x) di
Q.
+/ xZO‘yzﬁzh(uwy — wuy) cos (n,y) dv
0Q,

+/ 22y*P 227 (uw, — wu,) cos (n, z) dv.
00,

Here Q. be a sub-domain of Q at a distance £ > 0 from its boundary 0Q. =
S1US US3US and

E—cos.(n m)'g+cos(n )~£+cos(n )2
on ’ Ox Y Oy Y Gy

where n is outer normal to 9Q.
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The following equality

/Q xzaymzhuHém(u)dxdydz
u\? ou\? ou\>
2a, 28 27| [ C¥ g e 2,2
s l(aa) #(5) () +

_ O [ 20,08 2y OU\ | O [ 20 05 2y O
= /8{835(% yzuax +8y T yzuay

0 2a, 28 27 Ou
+8z <a: yrz uaz dxdydz

is valid. Applying the formula of Gauss-Ostrogradsky to this equality and letting
e — 0, we get

2028 2y | [ OU 2 ou\? ou\? 2 2
=Yy z — ] +{= | + =] +Xu"|dzdydz
. ox oy 0z
= —/ yzﬁzz'ynyld& —/ 222 11y dS,
S] SZ
_ 2, 28 _ 20, 23 2 @
= y“Pm313dSs =y 27 p—dS, (18)
S; S 8n
where
T = U(%Z/az)b:oa T = u(xyyvz)|y:()7 T3 1= u(x’yaz>|z:()'

To prove the uniqueness of the solution, as usual, we suppose that the problem
has two solutions v and w. Denoting © = v — w, it satisfies homogeneous Holm-
gren problem (v; = 0, v, = 0, v3 = 0, ¢ = 0). Further we have to prove that the
homogeneous problem has only trivial solution. In this case, from (18) one can
easily get

ou\*  [ou\* [ou\?
2, 23,27 bt el v 2,2
s K&C) #(5) +(5)

Hence, it follows that u, = u, = u, = u = 0. We conclude that u (z,y,2) = 0
in Q.

dxdydz = 0.




22 D.R. Muydinjanov

4 Existence of the solution

We prove the existence of the solution in a special case of the domain € in order
to get the solution in an explicit form. With this aim, suppose that a = b = ¢ and
S is a 1/8 part of a sphere with radius R = a and origin at the point O(0, 0, 0).
Let

Q={(z,y,2): 24P+ 22 <R 2>0y>0,2 > 0}.

We find a solution of the considered problem using Green’s function method [20].
Therefore, first we give the definition of Green’s function for the formulated prob-
lem.

Definition 4.1. We call the function G (z,y, z; £, n, () as Green’s function of the
Holmgren problem, if it satisfies the following conditions:

« this function is a regular solution of equation (4) in the domain Q, expect at
the point (£, 7, ¢), which is any fixed point of Q,

« it satisfies boundary conditions

<x2aaG (w,y,z;ﬁ,n,c)> _o, (yzgaG(w,y,z;é,n,C)) o,
Ox =0 dy y=0
6G x? 72; bl )
(22” ( ya Sk O) =0, G(z,9,2:£n.0))s=0,
z z=0
« it can be represented as
G (2, y,2:60,0) = (x, ¥, 61,0 + ¢ (,9,2:6m,¢0) ., (19)

where qo (z,y, 2;€, 7, () is the fundamental solution found earlier (see for-
mula (12)) and the function

20
* a/ - _ -
qO (x7y7z;€7777C) = - (RO) q0 (xvyVZ;gunv()
is a regular solution of equation (4) in the domain Q. Here,
= CL2 az - CL2
=2 5=2 2 R=24p242

Excise a small ball with its center at (£, 7, () and with radius p > 0 from the
domain Q. Designate the sphere of the excised ball as C), and by €, denote the
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remaining part of Q.
Applying formula (18), we obtain

oG ou
2a 23 2’y _
7 =1

= _/s yzﬁz%’G(O,y, z;€,m,¢) 11dS) _/S 220G (2,0,2;€,1,() 1LdS,
1 2

- / 22y G (2,y,0;€,1m,C) v3dS; — / 2028 %g ds.  (20)
S3 S

First, we consider the integral

/ xzayzﬁzz'yua—Gde.
C, On

Taking (19) into account we rewrite it as follows

oG Iqo (, y,Z£nC)
200 28, 2y 72 26 27
/Opx Y ua dC’p_/C o dc,

8 ) k) b
+/ xzayzﬁ 27y, g5 (%, }:91 ;6 C)dC’p =1, + L.
C, n

Using the differentiation formula, we get
Gititk+l

i9~J 9 kgl
0o\ 00,005 00y

(3,1) ' . (@)itjrk—1 (b1); (b2); (b3)
H 7b )b ab s ) PR =
A (a,by,b2,b3;¢1, 2,3 U) (61) (Cz) (c 3>k

SHOY (a i+ j+k—1,by +i,by + jibs + ksier + 1,0 + jyes + ks o)
and the following an adjacent relation

b
= H(A )(a+17bl+17b2,b3201+1,02,03;a)
C1

b
a2 H(31 (a+1 bi,bp +1,b3;c1,¢0+ 1,¢3; 0 )
(67)

b
+20 H(j’l)(a—i- 1,b1,b2,b3 + Licy,c0,c3 + 15 0)
C3
1
—1

U4H(j’l)(a — 1,by,b2,b35¢1, 2, ¢35 0)

= CLHS’I)(G + 1,b1,b2,b35¢1, 2,35 0) — aHS’”(% b1, by, b3ic1, 2, ¢33 ).
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We define

990 _ 910 990 990
on - or <% (n, z) + By cos (n, y) + 5, 0 (n, 2). 21

Indeed, substituting following three formulas of differentiation

aq() (.%‘, Y, Z;gv 7, C)

oz
= _ZOZOVO gr—Zao—Zngl) (ao + la I+ «, Ba ’7’1 + 20[, 255 2/7’0-)
_205070 (1: - f) r_2a0_2H271)(a0 + la Q, /6> 7;2017 255 27;0)5
9q0 (x,y, 26,1, C)

Jy
= *205070 77747206072HE£:1571)(&0 + 17 «, 1+ /Bv 7;2047 1+ 2ﬁ7 27’0—)

—2a070 (y — 1) r202HY (ag + 1,0, 8,7:20, 28, 27:0),
g0 (x,y,2:€,1m,C)

0z
- _2040’70 <T72a072H2’1)<0‘0 + 17 «, Ba 1 + 7;204) 267 1+ 27’0-)
—2a070 (2 — () 7“*2"“”2H(§’1)(ao + 1, 8,720,283, 2v;0)
in (21), we get

9 0
S = —aor2H " (a0 + 1,0, 8,7:20,28,27:0) 5~ [In1?]

+P (2,y,2:6,n,C),
where

D (z,y,2:6,1,()

= —2aqy0 &r202H (0 + 1,1 + o, B, i1 + 20,28, 27:0) cos (n; )
—2&()’}/() nr 20 ZHS 1 (CVO + 17 Q, 1+ /87 V;ZQ’ 1+ 257 27;0) COs (l’l; y)
—2a970 QT_MO_ZHS’I)(QO +1,a,8,1+7v20,28,1 4 2v;0) cos (n; z) .

We separate the left part of identity (20) on three integrals

0G
/C s dCy = Ji+ h 4 s,
P

where

Jl — _QO'YO/ 20¢y2ﬂ Z’YUT_ZQO

Cp

XHS’U(QO + 17 a, Ba 7;2047 257 2’r}/’0-)(:)i [lﬂ rz] de’
n
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JZ — / x2ay252,2’yuq) (m,y,Z;faﬁ,C) dCP
C

P

8 *
J3—/ xzo‘yzﬁz%’u%de.
C, n

We use the following spherical system of coordinates [20]:

=&+ pcosy,y =n-+ psinpcos, z = ( + psinpsiny,
[p>0,0<p<7m0<9 < 2n.
Then, we have

s

27
3= 200002 [ [ €+ poos o
0 0

x (1 + psin @ cos 1) (¢ + psingsin)>
xu (€ + pcosp,n+ psinpcosty, ¢ + psinpsiny)

H§\371) (ao + 17 «, ﬁa v 20[, Zﬁv 27’ O1py 02p, 03p, U4p) SinSOd‘Pa
where .
4(§ + peos )¢ 4(n + psinpcos)n
Olp = =7 53 »02p=— 2 ’
P P
4(¢ + psinpsiny) A2,
O'3p:— p2 ’0'40:_Zp .

First we evaluate Hf’l). Using the decomposition formula (11), we find

3,1
H,(z\7 )(Oé() + 1L a, 8,720,283, 27; Olpy02p503p, U4p)
— p2a+2ﬁ+2~/r1p2ar2fp2ﬁr;p2 N,
where
r1, = (26 + peos )’ + p* sin” o,

r%p = p?cos? p + (217 + psin pcos 1/1)2 + p? sin® @ sin ¥,

rgp = p? cos® p + p?sin® pcos? ¢ + (2¢ + psinpcos ’(/J)z ,

Z ZZAsqs'Cq

l,;m,n,s=0 q=0 I(3.s)
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% (_1)S+Q(1 + ao)l+m+n+s (a)i+l+m(ﬁ)j+l+n(7)k+m+n
(1+ 0‘0)5(_ao)q(za)i+l+m(2r6)j+l+m(27)k+m+nk!”!m!q!

i+l
p? e 20—y —1—j—k,a+i+1+m; 0
x| o =1 F , -2
"p 2a0+i+ 1+ m; T,
jH+
p? ! nF 2ﬁ—a0—1—i—k—m,ﬁ+j+l+n;l Lz
3, 28+ +1+m; 3,
k+m+
” m”F 2—ag—l—i—j-lytktmtn g
% 2y+ k+m+n; rgp

/\2
X 0F1 (040 +q 4p) .
It is easy to see that when p — 0, the function N becomes an expression that does
not depend on z,y, z and £, 1, C :
imR = i (Oé() + 1)l+m+n(a)l+m (B)l+n (7)m+n
(2a)l+m(2B)I+n(2'y)m+nm!n!l!

—0
P I,m,n=0

xFQRa—ap—l,a+1+m;2a+1+m;l)
XF2B8—ap—1—m,f+14+n;28+1+n;1)
xFQ2yv—ap—1—-0L,y+m+n2y+m+n;1).

Now, applying summation formula (5) to each hypergeometric function F'(a, b, ¢; 1)
in the last sum, we get

3\ TRarEesrey)
i =T (2) T(ao + DI(@)T(B)T()’

If we choose v as (13), we then have
lim Jy = u(&, 7, Q).
p—0

By similar evaluations, one can get that

lim J, = 11m J3 =0.
p—0
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If we consider the integral
/ 2a 2[3 Z'y G(.T g)
Cp

and use the algorithm given above for evaluations, we can prove that

lim / 2?2822 G, 5) dop =0.
p—0
Cp

From (20), we can write the solution of the Holmgren problem as follows:

W€ ¢) = — / B2 (g, 7 60m, O (y, 2)dS)

S|

—/I2QZZPYG§(I,Z;€,77,4)1/2(1‘,2’>d82 - /xzayzﬂGz(gU7y;g’n,g)y3(gj7y)d83
Sz S%

/ 2, 23 ZWaG(m Y, %5 £ , C)

, Y, 2)dS. 22

y o p(x,y, 2) (22)
S

The particular values of Green’s function are given by

Ay (ozo, B, 7,28, 2736 G 95)?))
%)
[52 + -y’ + (- 2)2}

Gi(y,z:6,1,¢) = 2a0m

A <040;/8 v,28,27; 7702 7<()2 39<I>>
’ 2 2 2,2 a0 (7
(o 10) +<az<> LEECL € Zzazl
a a a

AZ <Oé(), «, 7, 20(, 27’ f(()%)a gg?’ 0((;{))

(€= +m+(c-27]"

G; (xﬂ Z; 57 m, C) = 2040’Y1

Az (O[(), a, 7, 20{, 27’ E(()g)7 C(g?ZJ>7 eég))

2 2 2 2 2 @ (7
l(a—mg) +<a—ZC> +n+2C +§+277 Zz_az]
a a a a
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AZ (Oé(), «, 67 20[, 25’ 5(()7)’ n(()i)’ 98?)

(-2 + -y +¢]"

G; (III, Y ga m, C) = 2O‘O’YI

(ao, o, 3,20, 253; 502 77702’ (()2))

l(a_xé> (am 1) P28 €42 _QZ]

a a a

where

f(()li/) = &ily—o0, E(()f) = &i|2—o0, 77(()?) = Ni|a—o0, 77(()?-) = 0i|2=0,

Céf) = Gilz=o0, Céi” = Gily=0, & = i€, mi = paym, G = piz(,
05 = Oilao. 03 = Oily—0, 05 = Oil-—0. i =12,

4 a? 4 A2 2 a?
1 2 2 2 1 ™, 02 4 R(% )

2 2
R = <a—x€> —|—(a—yn>2+<a—zc>
a a a

2., 2 2., 2 2., .2
L1 _';(xz""g_EC y2+§+277 2242
a a a

Here, A; (a, b1, by; ¢1, ¢; 2,9, t) is confluent hypergeometric function, defined in
(3).

Thus, the following theorem is proved.

Theorem 4.2. The solution of the Holmgren problem with conditions (14)—(17)
exists and is defined by formula (22).
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