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On some analogues of periodic problems for Laplace
equation with an oblique derivative under boundary
conditions

Batirkhan Turmetov, Maira Koshanova and Moldir Muratbekova

Communicated by Makhmud Sadybekov

Abstract. In this paper, we study solvability of new classes of nonlocal boundary value
problems for the Laplace equation in a ball. The considered problems are multidimen-
sional analogues (in the case of a ball) of classical periodic boundary value problems
in rectangular regions. To study the main problem, first, for the Laplace equation, we
consider an auxiliary boundary value problem with an oblique derivative. This problem
generalizes the well-known Neumann problem and is conditionally solvable. The main
problems are solved by reducing them to sequential solution of the Dirichlet problem and
the problem with an oblique derivative. It is proved that in the case of periodic conditions,
the problem is conditionally solvable; and in this case the exact condition for solvability
of the considered problem is found. When boundary conditions are specified in the anti-
periodic conditions form, the problem is certainly solvable. The obtained general results
are illustrated with specific examples.
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1 Introduction

LetQ={z € R":|z|] <1} beaunitball,n >2,0Q0 ={zx € R": || =1} bea
unit sphere. For any point z € Q we compare the point z* = (21, a2, ..., Wy xy),
where a; = —1, and others o, {j = 2,3, ..., n} take one of the values +1.

Denote

0 ={z€dQ:21>0},0Q_={zre€dQ:xz <0},

FZ{IEGQZI]ZO}.
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Further, let a = (ay, ay, ..., a,,) be an arbitrary fixed point in the domain Q.
Denote

ou _
57 ()= (o= a.¥u) = Y- (1= 0)) 5 (o).

Since for all z € 9Q, rg—:f (m)’ag = g—;‘ (z), where v is a normal vector to the

sphere 9Q, then in the case a = 0 direction of the vector ¢, coincides with the
direction of the normal vector v.

Introduce an operator Isu(z) = u(x*). We consider the following problems in
the domain Q.

Problem 1.1. Find a harmonic function u(z) € C?(Q) N C' (Q), satisfying the
conditions

u(z) — u(z*) = go(w), o € 9Q., (1)
0 0
8—2 () + a—;; (@*) = g1 (2),2 € 0Q.. @)

Problem 1.2. Find a harmonic function u (z) € C*(Q) N C' (Q), satisfying the
conditions

u(z) + u(z™) = go(x),x € 0Q4, (3)
0 0
8—2 (z) — a—Z (") = g1 (x),2 € 0Q.. (4)

We will call on Problem 1.1 as a periodic boundary value problem, and Problem
1.2 as an anti-periodic one. Note that Problems 1.1 and 1.2 for the case a = 0 have
been studied in [1-4].

If x € T, then the point 2* = (0, azx, ..., @y, also belongs to I'. Then from
the boundary condition (1) it follows that

g0 (x) = u () —u (@) = = fu (") —u @)l = —go («7).

Therefore for the existence of a smooth solution to Problem 1.1 the following
matching conditions are necessary:

90 (Oa xza""xn) = _90 (Oa a2x25""anmn)a (5)
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g0 g0 (0, 2, ..., nTy) .
0,22, ., n) = — =1, 6
axj ( xzﬂ 71‘. ) 81:] j n ( )
91 (0,22, ...,x,) = g1 (0,02, ..., ) - @)

Similar conditions are required for the existence of a smooth solution to Problem
1.2, namely,

90 (Oa x27"'7x'n) =90 (0,&2%’2,.-.,6\%[1}71), (8)
990 090 (0, o2, ..., o p)
— (0 = =1,.. 9
axj ( , L2, axn) 81']' yJ 5 el ( )
91 (0,22, ...,xn) = —g1 (0,022, ..., pTp) - (10)

2 Auxiliary statements

In this section we give some auxiliary statements related to properties of mapping
Sx = x*.

It is obvious thatif z € Q, or x € 9Q, then z* = Sz € Q, or 2* = Sz € 9Q.
Let

" Ou(x) Ou - ou
Z i ax aa(x):g‘”a?(x)

The following statement is true.

Lemma 2.1. Let u (x) be a smooth function in the domain Q. Then the following
equalities hold:

%Isu (x) = ii]aiaijsu%‘ (x), (11)
Ngu(z) = IsNu(x), (12)
Algu () = Ishu (z) . (13)
Proof. Since
0 Isu(x) = (1, ey any) = ailgug, (x),
Ox; i !

then by the definition of the derivative %(x), we get

n
e Zam >=;aiaifsuxi<x>
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Further,

Nlgu(z Zl‘@ U (UL, ey Q) = Z a;xilsug, () = IsNu(x).
Finally, equalities

0
——lsu(z) = %aifsuxi(x) = i =I5y, (¥) = a} [sUs,0, () = Ity o, ()
2

O;

ATgu(x Z ISty (z) = Is Z Ug,z, (1) = IsDu(z).
O

Corollary 2.2. If u(x) is a harmonic function in the domain Q, then functions
Ngu (x) and a%afsu (z) are also harmonic in Q.

Further, for any function u (x) given in the domain Q we denote

_uw@) tu(e) o ulz) —u(zh)
v(z) = 5 Jw = 3 : (14)

It is obvious that u(z) = v(x) + w(z). Moreover, we have

’U(JJ) = [S’U(JJ),’LU(JJ) = *IS’U}((L’),(L’ € Q. (15)
The following statement is true.

Lemma 2.3. Let u (x) be a smooth function in the domain Q. Then

0 ( )+i7} _2Z<xz ]+az l) vxi(x)’ IEQ, (16)

ol,
i()—im—i(l— ) aivg, (z),2 € Q (17)
o0, V(@) — g vla) = 2 ;) aivg, (x), = ,
iw(ac)+iw(av*)—fi(lfa‘)a‘w (z), r€Q (18)
g 0l B P v A ’
0 9 ®\ . o I+ oy ] _
a—gaw(x) - 8_&111)(36 )—ZZ (xl 5 az> Wy, (z), v € Q. (19)
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Proof. Since the operators /A and I's commute, then from the first equality of for-
mula (15) for all 2 € Q we have

_ (/\ - %) Lsv(x)+1s (/\ - %) o(@) = ZIgl\v(x)—Ig%v(x)—%Igv(x)

—Ig (Z 2V, (x)) —Ig (Z (14 ;) a;vg, (x))
=1

i=1

— 21 li <m¢ 1 zo‘iaz) vxi(x)] .

i=1

Hence, for the function v(z) we get

0 0 - 14+«
a—gav(ac) + Isa—gav(ac) =2Ig lz <96Z - ai> Vg, (ac)] .

i=1

Applying the operator /g to the both side of this equality, we obtain

0 0 - 14+ o4
87v(m) + Isa—gav(m) = [Z (xz -— a¢> vxl(m)] :

i=1

This yields (16). By the similar way, we get the equality

n

%v(m) — Isaieav(m) = —Ig (Z (1 — ) aivxi(x)> .

a i=1
Then we have

0 0 -
—uv(x) — Is=—v(x) = Z (I — a4) a;vg, ().
ol ol P
Equality (17) is proved.

Now we prove the equalities (18) and (19). From the second equality of formula
(15) for all z € Q we get Aw(z) = —Algw(x) = —IsAw(z) and %w(x) =

n
— > ajoilgwy, (x). Then
i=1

(z) + 1'5i () = Aw (x) — gw (z) + Ishw (x) — Isgw (z)

a0, " ar, da da
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n

= —Ishw (x) + Ishw (z) + Z aia;lswy, () — Z ailswy, ()

i=1 1=1

Consequently,

%w (x) + Isﬁiéaw (x) =—Ig (Z (1 — ;) ajwg, (x)) .

i=1

Applying the operator Ig to the both side of this equality, we have
0 0 =

T (x) + ISa—Zaw (x) =— Z (1 — 4) ajwy, (x).

i=1

Thus, (18) is true. Similarly,

—l—%w (x)—’_lsf%w () =—Ig (Z ZI@'vxi(m)) —Ig (Z (14 ;) aivxi(x)>

i=1

= —2Ig li (xz 1 zaiai) vxi(x)] ,

i.e., the following equality holds:

n

0 0 1+ oy
L0 (z) ~ T (a) = ~21 lz (x - ) <x>] .

=1

Hence, we get (19). ]

Let b; = % (14 ;) a;yi = 1,2,...,n. Introduce a vector b = (b1, by, ..., by).
Ifa € Q, then b € Q. Indeed, for any ¢ = 1,2,...,n we have the inequality
1 + «a; < 2. Therefore,

n

n n
1 1
2 _ 2 _ 322 1 2\ _ .2
|b] _E]bi_ZE (1+az)ai§4<§]4ai>—|a| <l=0beqQ.
1= 1=

i=1
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Let
ou(x) ou(x) ou(x) ou(x)
By, )Ty T @ )T e = ba) T
Then equalities (16) and (19) can be rewritten as
0 ~ ,0u(x)
(1+1Ig) &v(ac)—Z o0, (20)
0 . O0w(x)
(1+1Is) @w(a;) =2 o0 Q1)
3 On the generalized Neumann problem
We consider the following problem
Av(xz) =0,z € Q, (22)
OV () = h(z),x € 00 (23)
0/, B ’ '

Solution of problem (22) -(23) is called a harmonic function v (z) from the class
cr(Q)ncC (Q) satisfying condition (23) in the classical sense.

Note that problem (22) - (23) in the case n = 3,a = (0,0, a3) has been studied
in [5]. If a € Q, then the results, obtained in [5], carry over without changes for
the general case. We give the main statement concerning to problem (22) -(23).

Theorem 3.1. Let a € Q, h () € C (0Q). Then for solvability of problem (22) -
(23) it is necessary and sufficient that the following condition holds

1~ |af?

la —y["
oQ

h(y)ds, = 0. (24)

If a solution of the problem exists, then it is unique up to a constant term and is

represented as
1

v(x) = /t_lw (a+t(x—a))dt,
0

where w(x) is a solution of the following Dirichlet problem
Mo (x) =0,z € Qow (z) = h(z),z € 0Q, (25)

moreover w(a) = 0.
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4 Uniqueness of the solution of the main problem
We study uniqueness of a solution of Problem 1.1. The following statement is true.

Theorem 4.1. If a € Q and a solution of Problem 1.1 exists, then it is unique up
to a constant term.

Proof. Letu () be a solution of the homogenous problem 1.1. From the boundary
condition (1) it follows that
u(z) =u(z"),r € 0Q1, u(z") = u(x),r € 0Q_.
Consequently, u(z) = u(z*),z € 0Q. Thus,
%u () = aifa
On the other hand, from the boundary condition (2) we obtain

Isu(x),z € 0Q. (26)

ou(x) ou (z) ) ou(z)]  Ou(x)
ot _IS{ ot ,r €0Qy;1g o | = o, ,r € 0Q_.
Thus ou (x) ou(x)
u (z u(x
u0 :—IS{ o ],xeﬁQ. @7)

Then the equalities (26) and (27) imply

0= Isgu (x) + %[511, (x),x € 0Q.

Further, using (15) for all z € 9Q, we have

IS@%U( )+8%ISU( ) =2Ig\u (x ; + ) ailguy, (x)
_2152 ) ug,] (x >—2fsa§(b) z € 0Q.

Thus, for all z € 0Q the following condition holds
Ou(x) Ou(x)

1 =0« =0 0Q. 28
5ol B, , X € (28)
Consequently, function u(x) is a solution of the following problem
0
Mu(z) =0,z € Q; w() =0,z € 0Q. (29)

Olp

Since b € Q, then by Theorem 1 the solution of problem (29) is the function
u(z) = C,z € Q,C = const. Theorem is proved. 8]
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The following statement is proved similarly.

Theorem 4.2. If a € Q and a solution of Problem 1.2 exists, then it is unique.

5 Existence of the solution

In this section we study existence of solutions of Problems 1.1 and 1.2. Let u(x)
be a solution of Problem 1.1, and functions v(x) and w(x) be defined by (14). It
is obvious that each of these functions is harmonic in the domain Q. Further, the
boundary condition (1) yields

B u(x) — u(x*) 1
w(I)‘aQ+ = 72 o0, = Ego(ai),
wlm __u(@?) —u(z) L
( )|8Q_ 2 *€0Q 290( )

Introduce the function

Then w(z)|aqg = Jo (z). If the function go (x) is smooth in the domain 0Q.,
then by the matching conditions (5) - (6) the function jo (x) will have the same
smoothness in the domain Q. For example, if gy () € CM1 (0Q,),0 < A < 1,
then go (z) € C*M1 (OQ) . Therefore, for the function w(x) we get the following
Dirichlet problem

AMw(x) = 0,2 € Qw(z) |aa = Jo(x). (30)

If §o (z) € CA1(0Q), then the solution of problem (30) exists, is unique and
belongs to the class CM1(Q) (see e.g. [6]).
Further, since v(z) = u(z) — w(z) , then forall z € Q :

0 0 0 0 0

Hence
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Due to (16), we receive

0 0 ov(x)
Ig— 2 .
ar, @) + Isggvl@) =275,
Further, if x € 9Q_, then z* € 0Q., and therefore, from the boundary condition
(1) for the function (1 + Ig) a%au(x) we get

( —i—[s) iu

go(z),r € 0Q,
ar. (z) = { N

90( )71;689—

By ¢(x) we denote a boundary value of the function (1 + Ig) a%aw(x) Then for
x € 0Q, we obtain

0 0
#(o) = grrue) + gorul@)|
and if x € 0Q_ , then z* € 0Q, and
0 0 . 0 . 0 - .
Po) = @)+ grule)| = grele) + gl =)
Let
2 (x) = g1 (Ii - gp(x),*x € 0Q.,
g1(z*) —p(z*),z € 0Q_
Then the function v(x) satisfies conditions of the following problem
ov .
Mv(z) =0,z € Q; —(x)] =g (x). 31)

We investigate smoothness of the function g (z). If g; (z) € C (0Q4 ), then by
the matching condition (7) the function §; (z) € C (0Q). Further, since b € Q ,
then by Theorem 1 for the existence of the solution of problem (31) it is necessary
and sufficient that the following condition holds

- \b|2
- y)ds, = 0. (32)

Using presentation of the function g (x), we find



On some analogues of periodic problems 23

Lo 1—[b
b=y ! (y) dsy = b=y [91(y) — (y)] dsy

00,
2
/ T (7)) s,

After changing variables, the last integral can be written in the following form

1 - ‘b|2 * — |b‘2
b=y [91(y™) — / 5o () — o)) ds,.

y\”

On the other hand by definition

bj:(l+aj)aj: aj,a; =1
2 0,5 = —1

Thus,

2
a;i —yi)? a; =1
(bj*yj)z _ { ( J ]) J 7

yjz'aaj = -1

(aliy')zaa':]
(b; — ;) :{ S

(ajy;)” = 5,05 = —1

Consequently, |b — y|™ = |b — y*|". Therefore, (32) can be rewritten as

1 —[b?
D [91(y) — ¢(y)] dsy = 0,
a0,
it means that
1 —[b] 1— Ib\2
dsy = y)ds,. 33
Q. Q.

Therefore, we have proved the following statement.

A+1

Theorem 5.1. Let [a| < 1,90 (z) € C™" (0Q4), 01 (x) € C” (0Q4),0 < X <
1. Then Problem 1.1 is solvable if and only if condition (33) holds. If a solution
exists, then it is unique up to a constant term.
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Example 5.2. Suppose that in Problem 1.1: go(z) = 1. Then w(z) = 1,w,; (7) =
0 and condition (33) can be rewritten in the form

1—|b]?
g1(y)ds, = 0.
/IbyI" 1(w)dsy
0.

We turn to study the existence of a solution of Problem 1.2. The following state-
ment is true.

Theorem 5.3. Let [a| < 1,go (z) € C™ (0Q4), g1 (z) € C” (9Q1),0 < A <
1. Then a solution of Problem 1.2 exists and is unique.

Proof. Let u(x) be a solution of Problem 1.2, and functions v(x) and w(x) are
defined by (14). From (3) it follows that

—u(x) +u(z”) 1
0(z)|pq, = I E— . = 590(96);
u(z*) 4 u(x) 1 .
() |oa_ = 5 e, 590(2%)

We introduce the function

240 () = { go(x),z € 0Qy,

go(z*),x € 0Q_

Then w(z)|asg = Jo (z). If the function gy (x) is smooth in the domain 0Q.,
then by the matching conditions (8) - (9) the function jo (x) will have the same
smoothness in the domain Q. Therefore, for the function v(z) we get the follow-
ing Dirichlet problem

M(z) =0,z € Q;v(x) |go = Jo(x)- (34)

If o () € CA1(dQ), then a solution of problem (34) exists, is unique and
belongs to the class C*! (Q) . Further, since w(z) = u(z) — v(z), then for any
x € Q we have

0 0 0 0
8—&171)(%) Isa_faw(l‘) = (1 — IS) 8—&116(%) — (1 — IS) 8—&1U(I)
Due to (19), we obtain
ow(r)
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Further, from the boundary condition (3) we get

0 gl(x)7x € aQ+7
1 - Ig) —
(1= Is) gp-ul) = { —gi(z*),z € 9Q_

If by ¢(x) we denote a boundary value of the function (1 — Ig) a%ﬂv(ac), then for
x € 0Q. we find
0 d
Y(z) = WU@) - 8—&171(95*)

a

and if x € 0Q_ , then z* € 9Q., therefore

0 0 .
(x) = 8—&1”(x)+ 8—&1”@ )897
0 0
= e - )| =
[8& ¢, €90,
Let
- Q
Zgl(x) _ gl(x) . w(x)7x*€ a +>
—g1(x*) + (x*),x € 0Q_
Then, the function w(z) satisfies conditions of the problem
ow .
Aw(z) =0,z € Q; —(x)] =31 (z). (35)

If g; (z) € C(0Q), then by the matching condition (9) the function §; (z) €
C (0Q). Further, since b € Q, then by Theorem 3.1 for the existence of the
solution of problem (35) it is necessary and sufficient that the following condition
holds
1—[b*
b=y’
0

i1 (y) ds, = 0. (36)

By using presentation of the function g (x), we find

— B2 2
/11;|5|n§‘ (y)d8y=/ 1b|5|n l91(y) — ¥ (y)] ds,
0Q

90,

/ - ‘b|2 * *
- g1(y") +¥(y")] dsy.
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After changing the variables the last integral can be written in the following form

1—[p)? ) e[ 1=]pP
/ b —y|" [—91(y") +¥(y")] dsy = / b=y [—91(y) +(y)] dsy.
00 Q.

Then condition (32) can be rewritten as follows

_|p|2 B2 2
T s, = [ |52 - = o) - vl ds, =
Q

b—yl™ b=y

+

Since |b — y|™ = |b — y*|™, then this condition always holds. The solution of
problem (35) is unique up to the constant value C. Since w(x) = —w(z*), then
C=0. 5]

Now we consider a case when solvability condition of Problem 1.1 can be sim-
plified. The following statement is true.

Theorem 5.4. Suppose that conditions of Theorem 5.1 hold and the coefficients
a; vanish, if in the mapping Sx = x* the parameters o take values —1. Then
solvability condition of Problem 1.1 can be rewritten in the following form

- \a\z
Ia !

(y) dsy = 0. (37)

Proof. Before, in the proof of Theorem 5.3 we have proved that if a;; = 1, then the
equality b; = a; holds, and if o; = —1, then b; = 0. Assume that in the mapping
Sz = x* for some index jo we have the equality aj, = —1. Then by condition of
the theorem aj, = 0, and therefore b;, = 0 = a;,. Consequently, when conditions
of the theorem hold we have |b — y|” = |a — y|™ = |a — y*|™. Moreover, in this
case from equality (18) it follows that

pla) = Do)+ Swfa®) = =3 (1~ o) agwe, () = 0.

i=1
Then the solvability condition of Problem 1.1 can be rewritten as (37). ]
Corollary 5.5. If a = 0, then solvability condition of Problem 1.1 can be rewritten

in the following form
/ g1 () ds; = 0.

Q.
This condition (the case a = 0) has been obtained in [1].
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Example 5.6. Suppose that in Problem 1.1 go(z) = 1 and * = —x. Then w(x) =
l,p(z) = 0 and b; = 0. In this case by Theorem 5.1 it is possible to rewrite
condition (33) as follows

/ g1(y)ds, = 0.

90,
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