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1 Introduction

First of all, we note that a detailed overview on the nonlocal boundary value prob-
lem (NLBVP) that we consider in this paper is enclosed in [16, p. 38-39].

Let IT designates an open rectangle, ie., [I=(0 <z < 1) x (0 <y < 7).
Our present paper deals with Poisson’s equation Au(z,y) = f(x,y) in the
rectangular domain II where nonlocal boundary value condition (NLBVC) is
represented by a linear combination of unknown solution values

u(l,y) = aru(ér, y) + au(é, y) + .. + anu(ém, y)

for y € [0,7], & € (0,1), k= 1,....,m and u(z,y)|sm fz—1} = O is given
on three sides of the rectangle boundary OIl. Actually, herein the coefficients
ag, k= 1,...,m have an arbitrary sign. This kind of NLBVP was considered in
[3] where the existence and uniqueness of classical solution were proved against

the requirement
- 1
Z (ak + |o|) <
k=1

but a priori estimate
ullwzmy < ClIF Ly
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was established for the same sign coefficients which satisfy the condition

m
—00 < Zak <1.
k=1

In addition, the second order of accuracy finite-difference scheme was offered on
a uniform grid. In [5], the existence and uniqueness of classical solution were
proved for a similar NLBVP in a rectangular domain when

m
D lakl <[B!
k=1

for 0 < |By| < 1, where the value |B;|~! could be an unboundedly large if
&m — 0, so that the unboundedness for Y |ay| was revealed.

In [16], the differential and differenck;: i/ariants of NLBVP formulated in [3]
were researched for the case when NLBVC encloses positive and negative coef-
ficients together without failing. The condition of paper [3] on the coefficients
in respect of NLBVC was improved, the well-posedness of the differential prob-
lem was established, a second order of accuracy approximation for the suggested
difference scheme was proved.

In our present paper, we obtain a new condition that ensures the existence,
uniqueness and a priori estimate of classical solution for the class of NLBVPs
which was considered in [16]. Our new well-posedness condition for the differ-
ential problem reveals the unboundedness effect for the coefficients of NLBVC.
In addition, herein, we improve the condition of [16] in respect of the difference
problem and obtain a second order of accuracy for the difference scheme.

Before finishing this introduction, we note that for the NLBVP which we con-
sider in our present paper, the most relevant references [1-15] from [16, p. 51-52]
are included in the bibliography.

2 Differential problem

We consider NLBVP
Au(z,y) = f(x,y), (z,y) €],
u(z,0) =u(z,m) =0, 0<2x <1, u0,y)=0,0<y<m, (1)

lul(y) =0,0<y <,
where

[u)(y) = u(l,y) — Zar u(Gry) + Y Bsulns,y)
s=1
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0< G < . <G<1l 0<m<..<nm<l G#n, a >0,
Bs >0, r=1,...,m, s =1,...,m. Further in this article, .4 denotes following
conditions:

n m .
sinh 1
—00 < glar— E]BS< SinhC, when (, < ny;
r= s=

n . h 1
Zar < 7s.m when (, > 1.
sinh ¢,

r=1

Naturally, the classical solution of NLBVP (1) is the function u(x,%) that belongs
to C?(IT) N C(TI), satisfies the equation and all conditions of (1).

Lemma 2.1. For z € (0,1) and t > 1 the following inequalities hold

sinh x sinh tx
sinh 1 sinht

Proof. Left side of inequality is obvious. Let we show that the other one holds.
Let .

() = sinhtz

9= sinh ¢

for specified x € (0, 1), then

/() = (sinh tx ) ! wcoshtxsinht — sinh{z cosht
T = Csinne )~ (sinht)?
Since
/ sinh at sinh bt dt = peR—s1 (a sinh bt cosh at — b sinh at cosh bt)
a2 —
for a2 #+ b2,
¢
, x coshtz sinht — sinh¢x cosht 2 —1 / ) )
g(t) (sinht)2 (sinht)? SR TSI T A7
0

Since ¢'(t) <0 for t >0, g(t) strictly decreases, and therefore, for ¢ > 1

sinh x < sinh tx
sinh 1 sinht

Lemma 2.1 is proved. o
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Theorem 2.2. Let f € C(I1). If A holds, then classical solution of (1) exists, is
unique and holds a priori estimate

lullwzmy < Cl I Lym- 2

Proof. First, we prove a priori estimate (2). We assume that classical solution
exists. For £ € N let us denote

Up(z) = \/5/%rj/zttx,y>sin(ky) dy, 3)
0

=2/n / f(z,y)sin(ky) dy, (4)
0

so that using the equation Au(z,y) = f(z,y) and conditions

(0 y) =0, u 1 y Zar Cra Z/Bsu(n&y)
s=1

we see that Uy (z) satisfies the multipoint problem

L[U]J(%)ka(zv), O<z <, 5)
Ur(0) = 0, L[Uy] =0,
where
LUJ(z) = U}/(z) — k*Uy(x), (6)
(UK = (Z k() = 3 BoUk(ny)). ™
r=1 s=1
Letting Uy (z) = Vi(x) + Wi (x), where Vi (z) is the solution of
LVi(z)] = fr(z), 0<z<1, ®)
while Wy (z) is the solution of
LWi(z)]=0, 0<z<1, ©
Wi(0) =0, £{Wy] = —L[Vi].
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In view of [3, p. 143], the solution of (8) holds the estimates

1
IVillz,p0,0 < 2 [ fxllL00,1]5 (10)
1
IVillzaoy < PELAME (11)
Vil a0y < WfellLa0,0)- (12)

Since Vi (1) = 0, by virtue of Cauchy-Bunyakovskii inequality

1 1
| [a@Pyds| =2 [ ViGe)Vite)dal <2 WillaolVillzaos (13
CT CT

1 1
| [(ataPyas] =2 | [ Vi@Viahds] <2 WillzoaVillson: - (14)
s Ns

Since for £ € (0,1)

V()P = | / (Vi) ],
£

from (13)-(14), in view of (10)-(11), we get estimates

(G < Y21l v

2
[Vie(ns)| < m”fk(x)HLz[O,l]- (15)
Hence,

(V]| < (Zar + Zﬁs),ﬁllfk(x)llm,u-
r=1 s=1

(16)
Problem (9) has the solution
sinh kx
= —_ 17
Wi(z) = Wi Sinh 7’ (17)
where o
Wy, = - [Vi(2)] _ (18)
1 — (sinh k:)*‘( > apsinh k¢ — > B sinh kns)
r=I1 s=1
and since the denominator of the fraction in (18) is nonzero, moreover,
n m
1 — (sinh k)~! (Z o sinh k¢, — Y By sinh kns) > 0. (19)
r=1 s=1
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Indeed,
- sinh k¢, sinh kns sinh kG smh km
1- r+
; ar sinh k£ Z Bs sinhk — sinh k£ ; sinh k£ Z Bs 2
for

n m
, if —oo< Y ap— Y B <0, G <mis

r=1 s=1

Sp=14 1= (X a— > Be)Smken =it 0 < S — 3 sy Cu <
s=1

r=1 s= r=1

n . n
_(ZO‘H&;E}I:%’ if 0< Zara Cn>771-
r=1 r=1

By virtue of Lemma 1,
sinh ¢, - sinh k¢,
sinh 1 sinhk ’
then, in view of A, we get that S > Sp > 0 for

n m
I, when —oco< > ap— > B3s<0, (<,

r=1 s=1

Sp = 1—<Zar_zﬁs)si?§h<f’ when 0< > a,— > B, Cu <1,
s=1

r=1 s=1 r=1

n , n
11— ar)sg?ﬁhcl", when 0 < ; ap, Cp > 1.
Therefore,

~ (sinh k)" (Z a, sinh k¢, — Z 8, sinh kns) >S5 >0 (20)
Hence, in view of (16)-(20),

2
WD) < Co Y2 f@llon e

for

Co= Sl,o(zn;ar‘i‘iﬁs)'
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Since, in view of (17),

sinh kx
is the explicit solution of (9), then
fol sinh?(kx)dx\1/2
< Jo > AT
Wil ooy < | Wi(1) | (P ) @)
cosh2 kz)dz1/2
<
Wil < kW1 | (T (e ) 23)
h2 kx)dx1/2
" <12 fo sin '
1oy < 2 | W) | (F 2y 4
Because
fol sinh?(kx)dx 1 fol cosh?(kx)dx 5
sinh?k T K’ sinh? k& 2k
then, in view of (21), the inequalities (22), (23) and (24) result in
1
Wl 0,1y < CO\@?H]CI@HLZ[O,]]? (25)
1
Wil < CoVSTlfellapo, (26)
W Lajo,) < CoV2 || fiel I Lao.1)- (27)
Hence, in view of (10)-(12),
1
Ukl o011 < Ch = il £of0,1]5 (28)
, 1
Il UgllLoj0,) < C2 ||fk||L2[0,l]a (29)
| Uil Ly < Ca 1l Loj0,1)5 (30)

where C) = Cy = 1+ Cyv/2, Cy = 1+ Cyv/5. Therefore, in view of [3, p. 142-
143], we have

1

0o 1L
>~ [ Ve < &} |1l m,
k=17

>

o)
k=1

) 1
(Ué(x)) dx < 12 C3 ||f||2Lz(n),

o — _
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00 1
Z/ 1(@))%ds < C3 AR, m
0

k=1

so that (28)-(30) result [3, p. 142-143] in

ullwzay < Cillf L., (31
a2 < Callfll Loy, (32)
vayllw2amy < C3ll 1] Lo my- (33)

In view of (32), from the equation Au(z,y) = f(z,y) we get

gyl w2 < Callf1lL,m)- (34)

Finally, a priori estimate (2) results from (31)-(34). Since, the uniqueness of classi-
cal solution follows from (2), then the existence results from Fredholm’s property
[2] which is inherent to the problem (1). Theorem 2.2 is proved. o

Corollary 2.3. Let f € C(IT), n=m and (- <mnp, r=1,...n. If

zn: ﬁr +|ar ﬁr| — 0,

r=1
orif
" (o — By) + |y — By sinh 1
0 35
< ; 2 = Sinh¢, (35)

for p < n, so that —(a"_ﬁ”)gl%_ﬁpl > 0, but (ap“fﬂp”);‘o‘p”fﬁp“l =0 for
1 <1< n—p (iffsuch i does not exists we put p = n), then classical solution
of (1) exists, is a unique and holds a priori estimate (2).

Proof. In view of (3)-(7), we find that Uy (x) satisfies the multipoint problem (5)

LlU(z)] = fe(z), 0<z <1,
Uk(0) = 0, ([Uy] =0,

where
n

aUk} = Uk(l) - Z(arUk(Q) - ﬁrUk(nr))' (36)

r=1
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Put Ug(z) = Vi(x) + Wi(z), where Vi (z) is the solution of (8), Wi (z) is
the solution of (9). Similar to the proof of Theorem 2.2, estimates (10)-(12) hold,
then estimates (13)-(15) hold for r = s. Hence, in view of (15),

- V2
vl < (Do (ar +8)) S5l @lo: (37)
r=1
In view of (17)-(18),
—|Vi
Wi = . Vil (38)
1 — (sinh k)~=! >~ (o sinh k¢, — B, sinh kn,.)
r=1
Noting that the denominator of the fraction W}, is nonzero, we have
> (o sinh k¢, — B, sinh kn),.) > (o — By) sinh k¢,
1— r=1 >1_ r=1 >
sinh k - sinh k 2 5%
for
: < (ar_ﬁr)"” ar—ﬁr| _
1, if Y ler=Bterhl _
o = 0 81l ] sk & (ar=Br)Hlar—p,|
1_(§_:1 T rz T r)~Sinhkp7 if 2_:1 T 12 r—Prl ().
By virtue of Lemma 2.1,
sinh(, _ sinhk(,
Z Sinh1 = “sinhk ’
and then Sy > Sy for
n
: a'r'_ﬁr + a'r'_ﬁr _
1, if Zl—( JHar=Bel _ g,
So = n' n (39)
T Mr T Mr i h 3 T Mr T Mr
1_(21 ar—f );\a B ‘)Ssl?nhclp’ if Zl (o B);Ia Brl < 0.
r= r=

In view of corollary conditions, S > Sy > 0. Therefore,
n
1 — (sinh k)" “(ay sinh k¢, — B, sinh kn,) > S > 0.
r=1
Hence, in view of (17) and (36)-(39),
T;l(ar + ﬂr) \/E
|Wk?(l)‘ S SO k3/2 ka(I)HLz[O,l]a
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i.e., (21) holds for Cy = So_l > (o + Br). Then (22)-(34) hold similarly as
1

in Theorem 2.2. Finally, a prio;i estimate (2) results from (31)-(34). Since the
uniqueness of classical solution follows from (2), then the existence results from
Fredholm’s property [2] which is inherent to the problem (1). Corollary 2.3 is
proved. m|

Note 2.1. To prove Theorem 2.2 and Corollary 2.3, the fulfillment of condition
A and (35) is required correspondingly. Obviously, these conditions cover the
condition S < 1, where

NE

m
OCT_ZBS if G <1,
s=1

1
Il
_

n
I
M=

o if G > my,

1
Il
-

(ar=Br)+|or—Pr|
> .

NgE

i
I

The condition S < 1 was required (see [16, p. 39-44]) to prove the well-
posedness of NLBVP (1). Obviously, irrespective of (, and (, location,
this result also follows from Theorem 2.2 and Corollary 2.3 correspondingly. In
addition, for any value S > 1, by virtue of Theorem 2.2, we can define an open
interval for the location of (,, i.e.,

0< (< arsinh(S_l sinh 1),

so that the NLBVP (1) remains well-posed. Similarly, by virtue of Corollary 2.3,
forany S > 1 we can define an interval for ¢, i.e.,

0 < ¢, < arsinh(S~'sinh 1),

so that the NLBVP (1) remains well-posed.

Note 2.2. Actually, the requirement .4, as well the condition (35), reveals the
unboundedness effect, i.e., the corresponding value S could be an arbitrarily large
positive real number that depends on (, — 0, or on ¢, — 0, correspondingly,
but nevertheless the NLBVP (1) remains well-posed.

Note 2.3. By virtue of Theorem 2.2, we can improve the condition of well-posed
solvability for formulated in [3, p. 140] NLBVP (1) and write it as following:

iaJr < sinh 1
£~k " sinh¢,’
where az =2""ag + |ag|) and p is the largest subindex of &, k= 1,...,m,

so that a; > 0 (we assume that there is at least one oy, kK = 1,...,m which has
positive value), but apy; <0, 1 <i<n—p (p=n ifsuch i does not exists).
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3 Difference problem

We consider difference interpretation of NLBVP (1)

AY =Yz, + Yyy = f(mvy)v (xiayj) € H7

Yij—0 =Y|y—r =0, z; €[0,1), Y|,—0=0, y; €[0,7],

n i, A1) —Cr r—ic . h
EY — Zlar<ym,j [( Cr"’h)l 1 C] +Y;<jr+17j [C h? 1])_ (40)
r=

Urey) 1

-3 ﬂs(Yz [(’n%)lhl—”s] +Yin5+1,jms_;iM) ~Yn,; =0,
s=1

i=1,..,N>— 1,

where same as in the differential problem we require 0 < (; < ... < (, < 1,
O<m<..<ngm<l, G#ns, ap >0, s>0, r=1,...n, s =
1,...,m, and additionally, we define the numbers %, and 4, by corresponding
inequalities i hy < ¢ < (i, + 1)hy for 7 =1,..,n and i, h; < 7, <
(in, + 1)hy for s =1,...,m,atleast we put (o =10 =0, (ut1 = Ny1 = 1,
hy = 1/Ny, hy = n/N, andrequire h; < cohy, ¢y = const add h; < 6,
0= %min{g}ﬂ — Gy r=0,1,...,m5 Ns11 — s, s=0,1,...,m; |G — 5], 7=
l,..on, s=1,...,m}.

Let A denotes the condition:

n m
4. 1-¢,—
—oo<Zar—Zﬁs<(l+;)l % When Cn <M1,
r=1 s=1

- 4.1-¢o—0
Zar< (1+;) when ¢, > 7.
r=1

Theorem 3.1. Let f(x,y) so that u(z,y) € CH(T) isa solution of NLBVP (1)
when the condition A holds. If, additionally, the condition A holds too, then
difference solution of (40) approximates u(x,y) by the second order of accuracy

interms of h = 4/ h% + h3, hy — 0 in each of the difference metrics C, sz

Proof. We denote z =Y — u, then z satisfies the difference problem

{Azzf—Au:F, (ih1,jh2) € T1,

(41)
Zlg=0 = z|y=0 = 2ly—r =0, Lz = —Lu.

For this problem F = O(h?) and Lu = O(h?) [10, p. 81,229]. Put 2 = 2 + 2,
where Z is the solution of
{ AZ=0, (ihi,jhy) €11,

Z Z z 5 (42)
Z|z=0 = Zly=0 = Z|y=n = 0, LZ = —Lu,
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and Z is the solution of
A2 =F, (ihy,jhy) € 11
z ’ (Z 1,J 2) ) (43)
Zlp=0 = 2ly=0 = Z|ly=r =0, LZ=0.

Further, to estimate Z we use [10, p. 113] the orthogonal system of mesh functions
{sin(ky)}|£jv2*l, so that from the representation

No—1

=Y Zsin(ky), y=jhy, j=0,1,.., N
k=1

it follows, that 2, kK =1,..., N, — 1 is the difference solution of the problem
A1z — M2, =0
’ 12k k2K hs (44)
Zklz=0 =0, LZ = —Q,

where A1Z = Zz, M\ = 4hy2sin®(kha), Qr = (Lu); and, in view of

[3, p. 142-143],

Zk|z;=in, = Agsinh(ilngy),
Ay = —Qy/Lsinh(ilng)], i =0,..., Ny,

ar = 1+ A\ehi/2 + \/ Ah2 + A2kt /4.

Denote D = L[sinh(i1ngx)]. By acting £ on sinh(ilngx) in the denominator
of the fraction for Ay , we get

—D > sinh(NyIng;,) — Y _ aysinh((ig, +1)Ingy) + > Bssinh(iy, Ingy). (45)

r=1 s=1
Hence,
—D > sinh(N; Ingy) — Ssinh((i¢, + 1) Ingy) (46)
for
0’ if _OO<ZaT_ZBSSOa <n<7713
r=1 s=1
S = Zar_Zﬁ& if O<Zar_2657<n<7717
r=1 s=1 r=1 s=1
n
Z (67N if Cn > -
r=1
Then inh(i 1 )
. sinh(z¢, + nq
—D > sinh(V 1 [1—5 n } 47
2 sinh(N, Ingy) sinh(IV; In gz,) @7
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therefore,
Qe+ —(i¢y,+1)

~D > sinh(V; 1 N —
= 1 HQk) 1 S N _N,

q. ' — q

1
Since qi > 1, we get
icp+1 —(i¢, +1 e +1 —2(i¢,, +1 e +1
q;f —q (i¢,, +1) q;cc - a, (i¢ >] qlc

N, — N, — ny —2N. — N,
qkl_qk ! qk'[l—qk '] :

Since hy < @ for 6 = tmin{¢ 1 — G, 7 =0,n, 1541 — 05, s =0, m}, for
specified 6 = 1 —(, — 6 the inequality (, + h; < 1 —J holds. Hence,
ic, + 1 < h{'(1—6). Then

ic, +1 —(i¢, +1 Ni(1—6
qk('n o qk» ( n ) qk 1( ) 1 (48)
N] —N| N[ - N1(5 '
Q. —q d dy,
Therefore,
1 .
D> (1 - SW> sinh(IV In g ). (49)
4

Since

4
g > (14 VMh)™ > 1+ V)N > (1+ V) > 1+ — (50)

we have .
-D > - S—|si
Dzt S(1+4/w)5}smh(N‘ n k), eb
so that
—D > C'sinh(N; Ingy) (52)
for

n m
I, if —co< > ar—> Bs<0, ¢ <,
1 s=1

n

C={ 1-(1+4/m) (S a — Y B), if 0< iar*iﬁsv Cn <70

= s=1 r=1

r=1
n

1= (1+4/m) " Y ar, if G >m.
r=1

In summary, since the condition A holds,

—L[sinh(i1ngx)] > C'sinh(Nj Ing) > 0. (53)
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Finally, in view of (53), by virtue of [3, 150-151], we obtain the estimates
max || = O(h?), [1zllwz = O(h?), max || = O(h?), |I£llwz = O(h?).
Therefore, max; ; |z;;| = O(h?), Hz||W22 = O(h?). Theorem 3.1 is proved. o

Corollary 3.2. Let n =m, ( <n, 7 = 1,...n. Let f(x,y) and so that
u(z,y) € CW(II) is a solution of NLBVP (1) when condition (35) holds for

271 (= Br 4 Jar — B,]) > 0. If

r=1

0< Z (Oér - 6’!) "2|_ |Ol7" - 57“‘ < (1 + %)l—ﬁp—é’ (54)

for 1 < p < n, so that —(O‘Z’*’B”);mp*ﬁp‘ > 0, but (a”“f’gp”);'a””*ﬁp”‘ =0
forall 1 <i<n—p (if such © does not exist, we put p = n), then difference
solution of (40) approximates u(x,y) by the second order of accuracy in terms

of h=/h}+ h3, ho — 0 in each of the difference metrics C, W3.

Proof. In view of (41)-(45), for D = L[sinh(i1lngy)] we obtain the inequality

n n
—D > sinh(NyIng;,) — Y, sinh((i, + 1)Inge) + > _ B, sinh(iy, Ingy).

r=1 r=1

Since i¢, +1 < iy, r=1,n, we get

n

—D >sinh(NyIngp) = Y (e — B) sinh((i¢, + 1) Ing).

r=1

Hence,
7‘Cr+l_ _(i<7‘+1)
D> [1—2(% 5,) ( e )} sinh(IV; In gz ).
9y — 4
Also,
’LCP-‘rl q_(i‘fp+1)
D> [1- 5T ] Sinh(N) Ingy) (55)
9. — 4
for

S = Xn: Br + |ar Br‘
r=1
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By analogy with (48), for ¢ > 1 and 0 =1—(, —0 , we get

iyt qf(icpi»l)

4, k 1
< (56)
N —N, = "Nis
qy ' - 9y ! 95 :

since the inequalities ¢, +h; <1 -4 and i¢, +1 < hy'(1 —6) hold. In view
of (50) and (55)-(56), the analogies of (51)-(53) hold for

n

C=1- (1_._4/71.)*5(2 (Oér_ﬂr)‘zl'lar—ﬁrb.

r=1

In view of (53), similar to Theorem 3.1, we obtain

max 2] = O(1?), ||Zllwz = O(A%), HZ.H}X|21‘;‘| =0(1?), ||2llyz = O(h?),

)

and therefore, max; ; |z;;| = O(h?), ||z||W22 = O(Rh?). Corollary 3.2 is proved.

[m}

4 Conclusion

In this paper we used an approach which is based on modified methods of papers
[3] and [16].

The basic result of our paper demonstrates new conditions on the well-posedness
of NLBVP (1) (see Theorem 2.2 and Corollary 2.3). The newness of the condition
A and (35) is shown in Note 2.1. As it is shown in Note 2.2, condition A, as
well as the requirement (35), reveals the unboundedness effect for the value .5,
which is specified by corresponding values of the coefficients in NLBVC of the
differential problem (1).

The difference interpretation of NLBVP (1) is proposed by the finite-difference
scheme (40). In Theorem 3.1, under the condition .4, and in Corollary 3.2 under
the requirement (54), correspondingly, we proved the second order of accuracy
approximation for smooth classical solution of NLBVP (1) on a uniform grid with
sufficiently small step. The required new condition A and the inequality (54)
covers the condition S < 1 which was used by the author earlier in the paper
[16, p. 45-48] to obtain the second order of accuracy approximation.

The author would like to thank Prof. Dr. A. Ashyralyev for his attention to the
author’s preliminary result [15] which preacted this paper’s research.
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