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1 Introduction

We recall that a function M : (0, 00) — (0, 00) is called a mean function if it has
(i) Symmetry: M (z,y) = M (y, x);
(ii) Reflexivity: M (x, z) = x;
(iii) Monotonicity: min{z,y} < M (x,y) < max{zx,y};
(iv) Homogeneity: M (Az, A\y) = AM (z, y), for any positive scalar A.
The most famous and old known mathematical means are listed as follows:

(i) The arithmetic mean :

(i) The geometric mean :
G:=G(o,8)=+ap, «opfeR;

(iii) The harmonic mean :
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In particular, we have the famous inequality H < G < A.

In 2007, Anderson et.al. in [2] developed a systematic study to the classical
theory of continuous and midconvex functions, by replacing a given mean instead
of the arithmetic mean.

Definition 1.1. Let f : I — (0, 00) be a continuous function where I C (0, c0).
Let M and N be any two mean functions. We say f is MN-convex (concave) if

fM(z,y)) < (Z)N(f(2), [(y)), (D)
forallz,y € I and t € [0, 1].

In fact, the authors in [2] discussed the midconvexity of positive continuous
real functions according to some means. Hence, the usual midconvexity is a spe-
cial case when both mean values are arithmetic means. Also, they studied the
dependence of MN-convexity on M and N and give sufficient conditions for MN-
convexity of functions defined by Maclaurin series. For other works regarding
MN-convexity, see [15, 16].

The class of h-convex functions, which generalizes convex, s-convex (denoted
by Kf, [4-6, 11]), Godunova-Levin functions (denoted by Q(I), [10]) and P-
functions (denoted by P(I), [18]), was introduced by Varoganec in [26]. Namely,
the h-convex function is defined as a nonnegative function f : I — R which
satisfies

flla+ (1 =1)p) <h(t)f(e)+h(1—1)f(B),

where h is a nonnegative function, ¢ € (0,1) C J and x,y € I, where I and J
are real intervals such that (0, 1) C J. Accordingly, some properties of h-convex
functions were discussed in the same work of Varosanec.

Leth : J — (0, c0) be a nonnegative function. Define the function M : [0, 1] —
[a,b] given by M (t) = M (¢;a,b); where by M (¢; a, b) we mean one of the fol-
lowing functions:

(i) Ap(a,b) :=h(1l —t)a+ h(t)b, the generalized arithmetic mean;

(ii) Gp (a,b) = a1~ the generalized geometric mean;

o ab _
(iii) Hp (a,b) := RDa+h(T=8b — 4, (

Q==

Iy the generalized harmonic mean.
5
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Note that M (h (0) ;a,b) = a and M (h (1) ;a,b) = b. Clearly, for h(t) = t with
t = 5, the means A}, G1 and H, respectively; represents the midpoint of the Ay,
2

Gy and H;, respectlvely,zwhlch was discussed in [2] in viewing of Definition 1.1.
For h(t) = t, we note that the above means are related with celebrated AM-
GM-HM inequality

Ht(a,b)th(a,b)gAt(a,b), VtE[O,l]

Indeed, one can easily prove more general form of the above inequality; that is if
h is positive increasing on [0, 1] then the generalized AM-GM-HM inequality is
given by

Hy, (a,b) < Gp, (a,b) < Ay (a,b), Vtel0,1] and a,b>0. (2)

The Definition 1.1 can be extended according to the defined mean M (¢; a, b),
as follows: Let f : I — (0, 00) be any function. Let M and N be any two mean
functions. We say f is MN-convex (concave) if

fM(tz,y) < (Z)N (& f(2), f(y))

forallz,y € Iand t € [0, 1].
More generally, we introduce the class of M{Np-convex functions by generaliz-
ing the concept of M;N;-convexity and combining it with h-convexity [1].

Definition 1.2. Let h : J — (0, 00) be a nonnegative function. Let f : I — (0, c0)
be any function. Let M : [0,1] — [a,b] and N : (0,00) — (0, 00) be any two
mean functions. We say f is h-MN-convex (-concave) or that f belongs to the

class MN (h,I) (MN (h, 1)) if
fM(tz,y)) < (Z)N(A(E); f(2), f(y), 3)
forallz,y € Iand t € [0, 1].

Clearly, if M (¢; z,y) = A; (z,y) = N (¢;z,y), then Definition 1.2 reduces to
the original concept of h-convexity. Also, if we assume f is continuous, h(t) = ¢
andt = % in (3), then the Definition 1.2 reduces to the Definition 1.1.

The cases of h-MN-convexity are given with respect to a certain mean, as fol-
lows:

(1) fis A{Gp-convex iff

fla+ (=08 <[f@"O @)=, o0<t<1l; @
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(i) f is A(Hp-convex iff

f(a) £ (B) 0<t<l:

AEDNOEICIC) ©)

flta+(1=1)p) <

(ili) f is GiAp-convex iff
f@B™) <h@) fl@)+h(1-t)f(B), 0<t<1; (6
(iv) f is G{Gp-convex iff
F@B™) <[F@"[F@)" Y, 0<t<; @
(v) f is GHp-convex iff

f(oztﬁl_t) < f(a)f(ﬂ) OStS 1’

SHA-Df @+ h@® () ®)

(vi) fis H{Ap-convex iff

af
f(ta+(1—t)5

(vii) f is HiGp-convex iff

o
f(ta+(1—t),6

)gh(l—t>f<a>+h<t>f<ﬁ>, 0<t<1: (9)

)s[f(a)]h“‘“ S, o<i<1;  (10)

(viii) f is HHp-convex iff

ap f (@) f ()
1 (rti=as) < o7 Shi 2T OIS 0D

Remark 1.3. In all previous cases, h(t) and h(1 — t) are not equal to zero at the
same time. Therefore, if 2(0) = 0 and h(1) = 1, then a mean function N satisfy-
ing the conditions N (A (0), f (z), f (y)) = f(z) and N(h (1), f (z), f (y)) =
f ().

Remark 1.4. According to the Definition 1.2, we may extend the classes Q (1), P(I)
and K? by replacing the arithmetic mean by another given one. Let M : [0, 1] —
[a,b] and N : (0, 00) — (0, 00) be any two mean functions.
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(i) Let s € (0, 1], a function f : T — (0, c0) is M{Ng-convex function or that f
belongs to the class K2 (I; My, Ng) if forall 2,y € I and ¢ € [0, 1] we have

FM(t2,y)) <N f(x), f(y)- (12)

(ii) We say that f : I — (0, 00) is an extended Godunova-Levin function or that
f belongs to the class @ (I;Mt,Nl/t) if forall z,y € I and t € (0,1) we
have

PG <N (F00) ). (13)

(iii) We say that f : I — (0, 00) is P-M{N—;-function or that f belongs to the
class P (I;M,N;) if forall z,y € I and ¢ € [0, 1] we have

FM(tz,y)) <N f(z), fy)- (14)

In (12)—(14), setting M (¢t; z,y) = A¢(z,y) = N (¢t;z,y), we then refer to
the original definitions of these class of convexities.

Remark 1.5. Let h be a nonnegative function such that h (t) > ¢ for t € (0,1).
For instance h,. (t) = t", ¢ € (0, 1) has that property. In particular, for r < 1, if f
is a nonnegative M{N-convex function on I, then for z,y € I, t € (0, 1) we have

fM(Ez,y)) <N f(2), f(y) <N f(2), fy) = N(h () f(2), f(y))

forall < 1andt¢ € (0,1). So that f is M{N-convex. Similarly, if the function
satisfies the property h(t) < ¢ for ¢t € (0,1), then f is a nonnegative M;N}-
concave. In particular, for » > 1, the function A, (¢) has that property for ¢ € (0, 1).
So that if f is a nonnegative M(N;-concave function on I, then for z,y € I,
t € (0,1) we have

fMM(tz,y) 2 NG f(2), f(y) 2N f(2), f(y) =N @) fz), f(y)

forall » > 1 and ¢ € (0, 1), which means that f is M{Ny-concave.

As known, it is not easy to determine whether a given function is convex or
not. Because of that, Jensen in [12] proved his famous characterization of convex
functions. Simply, for a continuous functions f defined on a real interval I, f is
convex if and only if

f (fv+y) S @+ 1)
2
forall z,y € I.
In 1965, another characterization was presented by Popoviciu [20], where he

proved the following theorem.
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Theorem 1.6. Let f : I — R be continuous. Then, f is convex if and only if

(39005 (57)

r+y+z\ | f@)+fy+f(=)
cs(sayes) siesierts

(15)

forall x,y,z € I, and the equality occurred by f(z) =z, x € 1.

The corresponding version of Popoviciu inequality for G{G¢-convex (concave)
function was presented in [15], where he proved that for all =, y, z € I the inequal-

1ty
2 (Vaz) £2 (Vz) £2 (Vay) < (2) (Vayz) f () F ) F(2),  (16)

holds.

One of the most applicable benefits of Popoviciu’s inequality is to maximize
and/or minimize a given function (or certain real quantities) without using deriva-
tives, so that such type of inequalities plays an important role in optimizations
and approximations. Another serious usefulness is to generalize some old famous
inequalities, e.g., the Popoviciu’s inequality can be considered as an elegant gen-
eralization of Hlawka’s inequality using convexity as a simple tool of geometry.
For any real numbers z, y, z, the Hlawka’s inequality reads:

|| + 1yl +|z| +lz+y+z|>|e+z|+|z+yl+|x+yl. (17)

D. Smiley & M. Smiley [28] (see also [23], p. 756), interpreted Hlawka’s inequal-
ity geometrically by saying that: “the total length over all sums of pairs from three
vectors is not greater than the perimeter of the quadrilateral defined by the three
vectors.” For recent comprehensive history regarding Hlawka’s inequality see [8].
It’s convenient to note that, a normed linear space for which inequality (17) holds
for all z, y, z is called a Hlawka space or quadrilateral space, see [24,25] (also
[23]). For instance, each inner product space is a Hlawka space [14].

The extended version of Popoviciu’s inequality to several variables was not pos-
sible without the help of Hlawka’s inequality, as it inspired the authors of [3] to de-
velop a higher dimensional analogue of Popoviciu’s inequality based on his char-
acterization. Interesting generalizations and counterparts of Popoviciu inequality
with some ramified consequences can be found in [9,27].

Therefore, as Popoviciu’s inequality one of the most popular generalization of
Hlawka’s inequality, and due to its important usefulness, in this work we establish
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the corresponding Popoviciu type inequalities according to a given mean used in-
stead of the arithmetic mean. Namely, for h-AN-convex functions several inequal-
ities of Popoviciu type are proved. In this way, we extend Hlawka’s inequality
based on the geometric structure used under an h-AN-convex mappings.

2 Popoviciu type inequalities for h- A N-convex functions

After focus consideration we find that, there is neither nonnegative %—MtAt—concave
nor %—Mth—convex functions, where M; = A;, G;, H;. The same observation
holds for i (t) = t*, k < —1,t € (0, 1).

To see how this holds, suppose on the contrary that there is a nonnegative func-
tion f which is M{A; -concave on I. Thus, for means M, and A, the reverse
inequality of (13) holds for all z,y € T and ¢t € (0, 1).

F O (t,0)) = o f ) 1 f )

Since M (x,x) = x, so by setting x = y we have

1 1 1
> S —_ e —
fla) 2z 77— f @)+ 1 f (@) =0
which is equivalent to write (¢t —t* — 1) f (z) > 0, V¢ € (0, 1). But since f is
nonnegative we must have t —t> — 1 > 0,0 < ¢ < 1 which is impossible and thus
we got a contradiction. Hence, we must have f (z) < 0.
In case when [ is nonnegative M{H, —convex function, then

. t(l—1t) f(x)f(y)
F (M (t; ,y))Stf(x)+(1—t)f(y)’

f(x)7

and setting z = y we have
fle) <t(d—t) f(x),

and this is equivalent to write (¢ (1 —¢) — 1) f (x) > 0, since f is nonnegative we
must have ¢ (1 — ¢) — 1 > 0 which impossible for ¢ € (0, 1), which contradicts the
nonnegativity assumption of f. Hence, f < 0.

Remark 2.1. There are neither nonnegative M;A-concave nor M{H;-convex func-
tions, where My = A;, Gy, H;. The proof is simpler than that ones given above.

According to the previous discussion, we need to extend classes ) (I s M, Ay /t) ,
Q (I;Mt,Hl/t), P (I;M,A), and P (I;M,H;). Consequently, we say that a
function f : I — R
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(i) is M{A; j-concave, if —f € Q (I; M, Al/t), ie.,

fM(tz,y) > mf(m) + Ef(y)y

forall z,y € Iand t € (0, 1),
(i) is M{H, s-convex, if —f € Q) (I; M, Hl/t), ie.,

. t(1—1t)f(x)f(y)
fM(tz,y)) > tf(x)+ (1 —1) f(y)

forallz,y € Iand t € (0,1),

(iii) is M{A;-concave, if —f € P (I; M, A}), i.e.,
fM(tz,y) > f(2)+ f(y)

forall z,y € Iand t € (0, 1),

(iv) is M{H;-concave, if —f € P (I; My, Hy), i.e.,

forall z,y € Tandt € (0,1).

In the same way, there is no MGy ji-concave function satisfies f () > 1. To
support this assertion, assume there exists MGy -concave function, so that for
means M; and G, the reverse inequality of (13) holds for all z,y € I and t €

0,1).

okl—=

F (M (2,9) > [f (@)™ [f )7

since My (x, ) = x, so by setting x = y we have
1

@) > [f (@)t

since f (z) > land ¢ € (0, 1) then we must have - + 1 < 1 which is equivalent
to write 1 < ¢(1 —¢) for all t € (0,1) and this is impossible, thus we have a
contradiction. Hence, we must have 0 < f (z) < 1.
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Remark 2.2. There is no 1-M,G;-concave function satisfies f (x) > 1. The proof
is simpler than that ones given above.
A function i : I — R is said to be
(i) additive if h (s +1t) = h(s) + h(t),
(ii) subadditive if h (s +t) < h(s) + h (),
(iii) superadditive if h (s +t) > h(s) + h (1),

for all s,¢ € I. For example, let h : I — (0,00) given by h (z) = z¥, z > 0.
Then A is

(i) additiveif k =1,
(ii) subadditive if k € (—o0, —1] U [0, 1),
(iii) superadditive if & € (—1,0) U (1, 00).

We note here, in all next results and for the classes M(A; ;-concave, MGy -
concave, M{H, /i-convex , M{A;-concave, and M{H;-convex functions, f is defined
tobe f: I — R, I C (0,00).

2.1 The case when f is h-A A-convex

Now, we are ready to state our first main result.

Theorem 2.3. Let h : I — (0,00) be a nonnegative super(sub)additive function.
If f : T — (0,00) be an AAy-convex (concave) function, then

H(57) () o (%)
< @6/ () h T @+ W)+ )L a8

forallz,y,z € I.
Proof. f is A¢Ap-convex iff the inequality

flla+ (A=) <h(t)fla)+h(1-1)f(B), 0<t<]
holds forall a, 5 € I. Assume that z < y < z. If y < %, then

:1:+3;+z Sx—;z Szandx—kg—kz < y;—z <
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so that there exist two numbers s, ¢ € [0, 1] satisfying

I;Z—S<x+g+z)+(l—s)z,

and

y+z rty+z
=t 1—1t)z.

Summing up, we get (x +y — 22) (s—l—t— %) =0. Ifx+y— 2z = 0, then
x =y = z, and Popoviciu’s inequality holds.
Ifs+t= % then since f is A{Ap-convex, we have

f<a:—2i—z> _ f{s <x+g+z>+(1_$)z]

< <$+y+z) (1—s)f
() - f{ <“é’“)+<l—t>}
< <m+y+z) (1) f

and

F(55Y) <napr @+ £l

Summing up these inequalities taking into account that h is superadditive we get

f<x42—z> +f<y+z> +f(:1:+y>

<ho) () ena =07 no s (
TR (=) F &)+ R @)+ f )

e+l () - 4= 0] ()

FRA/)[F () + £ W)
i+ 0 f (TR eh@ =07 () + RO/ @)+ W)

rt+y+z
3
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@)1 () R /216 + /D @)+ )

rT+y+z

—h(3/2)f< ’

) +R(/2)[f @)+ F )+ £ (2)],

as desired. O

Remark 2.4. In (18), setting z = y, we have

2f <$;y> +fy) = (2)hG/2)f <$+32y> FrUBL R )
forall x,y € I.

Remark 2.5. In (18), setting z = y, we get

21 () + 100 < 27 () +ha2) 1 @) +2f 0],

forall z,y € I.

Corollary 2.6. Let h : I — (0, 00) be a nonnegative super(sub)additive function.
If f : I — (0,00) be an AiAi-convex (concave) function, then

) ) (1),
< (Z)f<m+13/+2>+f(w)+f§y>+f<z>7

forall x,y, z € 1. The equality holds when f is affine.

Example 2.7. (i) Let f (z) = 2P, p > 1 then f is A{A,-convex for all z > 0.
Applying Corollary 2.6, we get

2 p p p
2 T+ z " Y+ =z n r+y
3 2 2 2
p D D P
S(x+g+2> L2 +y3+z’

for all x,y,z > 0.



Popoviciu’s type inequalities 59

(ii) Let f (x) = —logx, then f is AjA-convex for all 0 < x < 1. Applying
Corollary 2.6, we get

(o4 2P (4 2P (P 2 o

o [Tty +2) (292),

forall 1 > z,y,z > 0.

Corollary 2.8. If f : I — R be an A(A, ji-concave function, then

) ()0 (3)

< @7 () 13 @10+ 1 G

forall z,y,z € I.

Example 2.9. Let f (z) = logz, then f is an A¢A;-concave for 0 < z < 1.
Applying Corollary 2.8, we get

512
(42" (0 +2) (@ +9) 2 57 (@ +y+2) (2y2)°,
forall 0 < x,y,z < 1.

Corollary 2.10. If f : I — R be an A{A|-concave function, then

f<m42rz)+f<y+z>+f<x+y>

<@ (P @ F )+ 0,

forallz,y,z € I.

Example 2.11. Let f (z) = logz, which is a nonnegative A A;-concave for all
0 < 2 < 1. Applying Corollary 2.10, we get

(e 42) (g +2) (@ +y) 2 3 (@ +y+2) (o).

forall0 < z,y,2z < 1.

Corollary 2.12. In Theorem 2.3.
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() Ifh : J — (0,00) is a nonnegative superadditive and f : T — (0,00) is an
AAy-convex and subadditive, then

peere 2 (55 (51 ()
Sh(3/2)f<x+g+z

<h3/2)[£(5)+F(5)+F(G)]+r /21 @ +F @)+ F ),

) (12 [f (@) + f @) + F (2)]

forall x,y,z € 1. If h is nonnegative subadditive on J and f is an AiAy-
concave and superadditive, then the inequality is reversed.

(i) Ifh : J — (0,00) is a nonnegative superadditive and f : I — (0,00) is an
A¢Ay-convex and superadditive, then

(7)o () (3)
<n@2) 7 (D) h /D1 @)+ £ )+ )

<n@2 7 () r /D Sy,

forallx,y, z € 1. If his a nonnegative subadditive and f is an A¢Ap-concave
and subadditive, then the inequality is reversed.

2.2 The case when f is h-A{G¢-convex

Theorem 2.13. Let h : I — (0, 00) be a nonnegative super(sub)additive function.
If f : I — (0,00) be an A\Gy-convex (concave) function, then

() () (3)

. N\ 1H6/2)
<@ |(ZL)] T r@rerert®, as

forallz,y,z € I.

Proof. f is A(Gy-convex iff the inequality

flta+ 1 —t)8) <[f@"D[f@)"",  o<t<1



Popoviciu’s type inequalities 61

holds for all o, 8 € I. As in the proof of Theorem 2.3, we have

(x+y—22) (s—l—t—g) =0.

Ifz+y— 2z =0, then z = y = 2z, and Popoviciu’s inequality holds.
Ifs+t= % then since f is A{G-convex, we have

((73) = b () o]

<[e ()] e

(7)o () w0

<ls (mﬂsﬁzﬂhw [ PO,

and

(55Y) v @rmnr?.

Multiplying these inequalities we get
T+ z y+z r+y
() () ()

= :f (W) RTIAE [f (sz)r(“

3 3
< [f )M Uf () f ()02
B (m 5 ) I - 1y
T 2 7 h(s+t) ]
< ( ks ) F M0 £ () £ (9]}

. h(3/2)

- <x+y+z> [f (2) f (y) £ (2)]"072)

as desired. O
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Remark 2.14. In (19), setting z = y we have

P w2 e o,

forall x,y € 1.

Corollary 2.15. If f : T — (0, 00) be an A(G-convex function, then

P A (0 2 () < 7 (P s s wi e,

forall x,y,z € I. The equality occurred for f (x) = e®, x > 0.

Example 2.16. f () = cosh(z), x € R is AG-convex function. Applying
Corollary 2.15, we get

[T +z 2(Y +z [T +vy
cosh (2 ) cosh (2 ) cosh (2 >
< cosh® (W) cosh (z) cosh (y) cosh (2)
Corollary 2.17. If f : I — (0, 00) be an A(G, Ji-concave function, then
T+ 2z +z T+ rT+y+=z
P A (50 P () 2 A (P @ s w ).

forallz,y,z € I.

Example 2.18. f (z) = arcsin (z), is }-AG-concave for = € [0,1]. Applying
Corollary 2.17, we get

.3 fxT+z .3 (Y+=z .3 (T+Y
arcsin <2 )arcsm <2 )arcsm <2

r+y+z

> arcsin?
> ( /

> arcsin® (z) arcsin® (y) arcsin® (2) ,
forall0 < z,y,z < 1.
Corollary 2.19. If f : T — (0, 00) be an 1-AGy-concave function, then

F(52) () () < e () r@swi e,

forall z,y,z € I.
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Example 2.20. Let f (z) = arcsin (z), is A(G;-concave for z € [0, 1]. Applying
Corollary 2.19, we get

arcsin LH arcsin y+=z arcsin L—i_y
2 2 2

T+y+z

> arcsin
> ( /

> arcsin () arcsin (y) arcsin (z) ,
forall0 < x,y,z < 1.

Corollary 2.21. In Theorem 2.13,

() if f: I — (0,00) is an A{Gy-convex and submultiplicative,

f((a:+z)(y;:z)(m+y)> §f<m—2i-z>f<y—;—z>f(x—;y>

<[ ()] v@sw e,

forall x,y,z € I. If f is an h-AG¢-concave and supermultiplicative, then
the inequality is reversed;

@) if f : I — (0,00) is an A\Gp-convex and supermultiplicative, then

() () (7)

= [f (W)]h(m [f (2) f (y) f (2)]"01/2)

h(3/2)
<[ ()] e,

forall x,y,z € 1. If f is an A{An-concave and submultiplicative, then the
inequality is reversed.

Corollary 2.22. In Theorem 2.13,

() if f: I — (0,00) is an A\Gp-convex and superadditive,
1G) GG GG+ ()
(w+z> f <y+z> f (w+y>
2 2 2

y) f ()"

|
— =
~
VN
&
+
W
+
N
N—
_ 1
>
>
~~
A
=
&
Kﬁ
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forall x,y, z € 1. If f is an A(Gy-concave and subadditive, then the inequal-
ity is reversed;

(i) if f: I — (0,00) is an AGp-convex and subadditive, then
(57 (57) (%)
h(3/2)
() r@rmrere

<@ @)+ Q) b s

forall x,y,z € 1. If f is an AGy-concave and submultiplicative, then the
inequality is reversed.

2.3 The case when f is A Hp,-convex

Theorem 2.23. Let h : I — (0, 00) be a nonnegative super(sub)additive function.
If f : I — (0,00) is an A(Hy-concave (convex), then

1 n 1 n 1
F(=2) ) F(5Y)
< ha) | L L] B2 (20)

- f)  f@)  fE&] 0 F(52E)

3
forallz,y,z € I.

Proof. f is A(Hy-convex iff the inequality

F(0) £(5)
Flar U003 r@rna-—nr@ 5=

holds for all o, 5 € I. As in the proof of Theorem 2.3, we have
3
(x+y—22) s—l—t—i =0.

Ifz+y— 22z =0, then z = y = 2z, and Popoviciu’s inequality holds.
Ifs+t= % then since f is A{Hp-convex, we have

H(52) = o[ (FEE) s a9
F(EEE) £ (2)
R 9) ] (CEE) +h(5) ()
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and this equivalent to write

Lo h(l—s)f(Z4E) +h(s)f(z2)

EH ST e o
similarly,
1(57) ol () s
} JEEE) )
Th( =) f(FFE) +h(t) f(2)
which equivalent to write
1 h(1—t) f (ZEE2) +h(t) f(2)
ST IEIe -
and
z+y f(x) f(y)
(532 sam e 7
1 h(1/2) (f (x) + [ ()
TIEH ST S0l @
Summing the inequalities (21)—(23), we get
1 n 1 n 1
FE2) 0 (5 F(Y)
D=9 f(EE) +h(s) f (2 2 ha —Of(FFE) +h®) f(2)
- F(E52) 1) F(E52) 1)
L /2 (f (=) + [ ()
f (@) f(y)
_ =) +h (-1 f (FFE) + [h(s) +h ()] f (2)
F (552 1)
L (/2 (f (@) + f ()
[ (@) f(y)
D= f(FEE) +h(s+1) f(2 ) h(1/2) (f (@) + f ()
- F(PEE) £ (2) f () f(y)

=
&
+
~
S

h(1/2)f (Z525) +h(3/2) f () h(1/2
F(52) F(2) f (@) f(y)
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1 1 h(3/2
]+f(£*£“)z)’

as desired. O
Remark 2.24. In (20), setting z = y, we have

1
(%

2 1 h(3/2)
ey < @0 |50+ 5] e
forall z,y € I.

Corollary 2.25. If f : T — (0, 00) is an AH-concave (convex), then

forall x,y,z € I. The equality holds with f (x) = % z > 0.

Example 2.26. Let f () = =P, p > 1. Then, AH;-concave for x > 1. Applying
Corollary 2.25, we get

r+z\? (y+22\"T" [(z+y\?
(=7) (%) +(5
P P 4 4P —p
Sl‘ —|—y3 +z +<x+g+z>

2
3

forall z,y,z > 1.

Corollary 2.27. If f : I — (0, 00) is an AH, j-convex, then

3[ 1 1
210052)  F (%)

~
—~

forall z,y,z € I.
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Example 2.28. Let f (z) = —log (v), x 2 1. Then, f is AH,; -convex for x = 1.
Applying Corollary 2.27, we get

IS S S
2 [log (%5%)  log (*3*) ~ log (*3*)

1 1 1 1
<3 + + + log (zy2)3,
logxz logy logz

forall z,y,z = 1.

Corollary 2.29. If f : T — (0, 00) is an A{H;-convex, then

1

1 : .i |:1 + 1 + 1:|+ r+y+z\’
7o @ el T e

ORI RNICD

forallz,y,z € I.

IN

Example 2.30. Let f (z) = —log (x), = 1. Then, f is A{H;-convex on z = 1.
Applying Corollary 2.29, we get

1 1 1 1 1
<
log (&%) * log (45%) * log (H) ~ logx + logy + log »

W=

+ log (zyz)3

forall z,y,z = 1.

3 Popoviciu inequalities for h-GN-convex functions

3.1 The case when f is G{Ap-convex

Theorem 3.1. Let h : I — (0, 00) be a nonnegative super(sub)additive function.
If f: 1 — (0,00) is G{Ap-convex function, then

f (Vaz) + £ (Vyz) + £ (Vay)
< (2)h3/2) f Vzyz) + h(1/2)[f (@) + f ) + F(2)], 24
forall x,y,z € 1.
Proof. f is GiAp-convex iff the inequality

FaB™) <h@) fla)+h(1—t)f(B), 0<t<l1
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holds forall o, 8 € I. Assume that z <y < 2. If y < (:z:yz)l/3, then
(xyz)l/3 < (arz)l/2 < z and (xyz)l/3 < (yz)l/2 <z,
so that there exist two numbers s, ¢ € [0, 1] satisfying
(22)1/? = (ayz)*/? 1=

and

1/2 _ t/3 -t

(yz) 7 = (zyz)

Multiplying the above equations, we get

(Iyz)l/Z 21/2 _ (xyz)(s+t)/3 Z2—(s+t)

or
(s+t) 1

(zyz) 5 22

If zy2*> = 1, then = y = 2, and Popoviciu’s inequality holds.
Ifs+t= % then since f is GiAp-convex, we have

F(Vaz) = f [ay=)" 2] < h(s) [F (Fam2)] + h (1= 5)[F ()]

£V = £ [(92) 2] < @) [F (7] + A (1 1) [F ()]
rvam <n(3) @+ £ )

Summing up these inequalities, we get

f(Vaz) + f (Vyz) + f (Vay)

< h(s) f(Vayz) +h(1=s) f(z) +h(t) f (Veyz) +h(1 1) f(2)
+h(1/2)[f (@) + f (y)]

=[h(s)+h®O1f (Vryz) +[h (1 =) +h(1 =) f(2)

+h(1/2)[ () + [ (y)]

his+) f(Vayz) +h(2—=s—=1) [ (2) + h(1/2) [f (2) + f ()]

h(3/2) f (Vayz) + h(1/2) £ (2) + b (1/2) [f () + [ (v)]

h(3/2) f (Vryz) + h(1/2) [f (x) + f (y) + [ (2)],

which proves the inequality (24).
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Remark 3.2. In (24), setting z = y, we get
2f (Vag) + £ ) £ () 3/2) f (Vay?) + 1 (1/2) 1 (@) +2/ )]
forall x,y € I.

Corollary 3.3. If f : I — (0, 00) is GiA¢-convex function, then

[F (Vi) + £ (V) + £ (Vi) < f () + L E TR TE)

W N

forall x,y, z € 1. The equality holds with f (z) =log (x), z > 1.

Example 3.4. Let f () = cosh (z), x > 0. Then, f is GiA-convex on (0, c0).
Applying Corollary 3.3, we get

2
3 [cosh (v/zz) 4 cosh (\/yz) + cosh (\/zy)]
cosh () + cosh (y) + cosh (z)

< cosh (Jzyz) + 3 ;

for all z,y,z > 0.

Corollary 3.5.If f : I — (0, 00) is GiA| ji-concave function, then

21 (V) + W)+ T W) 2 S (YR +3(F @) + W)+ £ (2)

forallz,y,z € I.

Example 3.6. Let f (z) = —2%, 2 > 0. Then, f is GtA, /-concave on (0, c0).
Applying Corollary 3.5 we get

3
3 (xz+yz+xy) < (\3/xyz)2 +3 (:rz + y2 + 22)

for all z,y,z > 0.
Corollary 3.7. If f : I — (0, 00) is GiAj-concave function, then
F(Vez) + F(Vy2) + F(Vay) > [ (Vayz) + [ @)+ fy) + f(2),

forall z,y,z € I.
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Example 3.8. Let f () = —22, # > 0. Then, f is GiA;-convex on (0,0c0).
Applying Corollary 3.7, we get

2z +yz+ay < (Yoyz) + 22 + > + 22
forall z,y,z > 0.

Corollary 3.9. In Theorem 3.1,
() if f: I — (0,00) is an GAp-convex and superadditive,
f(Vz) + £ (Vyz) + f (Vay)
<h(3/2) f (Voyz) +h(1/2) [f (z) + f () + [ (2)]
<h(3/2) f (Vryz) +h(1/2) f(z+y +2),

forallx,y, z € I. If f is an G{Ay-concave and subadditive, then the inequal-
ity is reversed;

(i) if f : I — (0,00) is an GiAn-convex and subadditive, then
f (Vaz + gz + Vry) < f (Vaz) +  (Vy2) + £ (Vi)
<h(3/2) f (Vayz) + h(1/2) [f (x) + f (y) + £ (2)],

for all x,y,z € I. If f is an G{Ayp-concave and superadditive, then the
inequality is reversed.

Example 3.10. Let f () = cosh (z), which is G;A-convex and superadditive on
(0, 00). Applying Corollary 3.9, we get
2
3 [cosh (v/zz) + cosh (y/yz) + cosh (\/zy)]
cosh (x) + cosh (y) + cosh (2)
3

< cosh (Jzyz) +

1
gcosh(é/@)—l—gcosh(x—b—y-i-z),

for all z,y,z > 0.

3.2 The case when f is G{G},-convex

Theorem 3.11. Let h : T — (0, 00) be a nonnegative super(sub)additive function.
If f : I — (0,00) is GiGp-convex function, then

f (Vaz) f (V) f(Vay)

< () If (Vay2)"? [f () f () £ ()"0, (25)
forall z,y,z € I.
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Proof. f is G(Gy-convex iff the inequality

F@B) <[ @@, o<i<i
holds for all ., B € I. As in the proof of Theorem 3.1, if zy2> = 1, thenz = y =

z, and Popoviciu’s inequality holds.
Ifs+t= %, then since f is GiGy-convex, we have

/ (\/‘E) =f [(xyz)8/3 Zlfsj| < [f (W)]h(s) [f (Z)]h(lis) ’

£ W) = 1 [Gaya) 2] < 1 O 1
Fam <h(3) @+ ).

Multiplying these inequalities we get

f (Vzz) f (Vy2) f (Vay)

as desired. o

Remark 3.12. In (25), setting z = y we get

~

i fw < () [ (VaR)]" @ 2w
forall z,y € I.

Corollary 3.13. If f : I — (0, 00) is GiGi-convex (concave) function, then

2 (Vaz) 12 (V) 12 (Vay) < () Yayz) £ () | ) f(2),

forall x,y,z € 1. The equality holds with f (z) = e*, x > 0.
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Example 3.14. Let f (x) = cosh (x), which is G;G-convex on (0, c0). Applying
Corollary 3.13, we get

cosh? (v/22) cosh? (/yz) cosh? (y/zy) < f? (/zyz) cosh () cosh (y) cosh (z),
for all z, y, 2 > 0.
Corollary 3.15. If f : I — (0, 00) is GG, /t-concave function, then

P (Vaz) £ (Vo) PP (Vag) > 12 (Sayz) 1 (2) 10 (y) £ (),
forallz,y,z € 1.

Example 3.16. Let f (z) = exp (—x) which is %—Gth-concave on (0,00). Ap-
plying Corollary 3.15 we get

Viz+yz + /xy < %W—I—Zx—i—Zy—i—Zz,
for all z,y,z > 0.
Corollary 3.17. If f : I — (0, 00) is G¢G;-concave function, then
f(Vaz) [ (V2) f(Vay) < f (Veyz) | o) fy) f(2),
forallz,y,z € I.

Example 3.18. Let f () = exp (—z), which is G;G-concave on (0, c0). Apply-
ing Corollary 3.17, we get

vz +yz+ ey < Jryz+xz+y+ 2,

for all z,y,z > 0.

Corollary 3.19. In Theorem 3.11.

() If f : T — (0,00) is an GGy-convex and supermultiplicative,

I (Vaz) £ (/52) | (V) < [f gz (] @) ] ) £
[F (3 xyz)]hwz) I (xyz)]h(1/2> 7

IN

forallz,y,z € I.
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i) If f : T — (0,00) is an G,Gy-convex and submultiplicative, then
flzzy) < f (Vaz) f(Vyz) (V)
<1 W' [f @) f () £ ()"
< [f (V) ) )21 @) f ) £ )0,

forall x,y,z € I

Example 3.20. Let f () = cosh (), which is G;G-convex and supermultiplica-
tive on [1, 00). Applying Corollary 3.19, we get

cosh? (v/2z) cosh? (1/yz) cosh? (y/zy) < cosh® (/zyz) cosh (x) cosh (y) cosh (z)
< cosh® (Y/zyz) cosh (zy2)

forall z,y,z > 1.

3.3 The case when f is G¢Hy-convex

Theorem 3.21. Let h : I — (0, 00) be a nonnegative super(sub)additive function.
If f : I — (0,00) is GiHp-concave (convex) function, then

1 1 1
TV F ) (Va)

1 1 1 1 h(3/2)
< (2)h (2) {f(ﬂf) * f(y) * f(z) - f(yzyz)’ (26)

forallz,y,z € I.
Proof. f is GHy-convex iff the inequality

. f () f(5)
H ) < D @ s h OB

0<t<1

holds for all o, 3 € I. As in the proof of Theorem 3.1, if zy2> = 1, thenz = y =
z, and Popoviciu’s inequality holds.
Ifs+t= % then since f is G{Hp-convex, we have

22) = f |(xyz)*? 21— f(Vyz) f(2)
f (Vaz) = [ |(wy2) }Zh(l_s)f(é/m)#-h(s)f(z)



74 M. W. Alomari

and this equivalent to write

1L _h(=s)f(yayz) +h(s) [ (2)

Ik TVER G 7
similarly,
_ t/3 _1—t f (W) f(2)
$09) = 1 [l 2 i e -7
which equivalent to write
1 h(1—1t) f (Jzyz) + h(t) f(2)
N It SO -
and
f (@) f(y)
T 2 TRy (7 @) + T )
1 h(1/2) (f (x) + f (y)
TV S T@iw @
Summing the inequalities (27)—(29), we get

1 1 1
T (R T (va)
=) f (YF5) +h () S () (=) f () + R () (2

- f (Vayz) f(2) F(vayz) £ (2)
L2 (@) + f )
(@) [ (y)
_ =)+ (1) f (V3gE) + R (s) + R (D) (2)
F(vayz) £ (2)
L2 (F @)+ f W)
(@) [ (y)
LhCos 0 F(VAE) Hh(s+ 0 () h(1/2) (@) +f 1)
- F(V/2yz) f (2) @) ()
h(1/2) f (Vag2) +h(3/2) f () | B(1/2) (] () + ] ()
(2) f (@) [ (y)

o f (ﬁ/xyz) f(z
_n (L 1 1 h(3/2)
_h<2> L“(x) OGNt E)

which proves the inequality in (26). O
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Remark 3.22. In (26), setting z = y then we get
2 1

N 1 2 h(3/2)
o 7w < @ (3) [ 7w (Vo)

forall z,y € I.

Corollary 3.23. If f : I — (0, 00) is G{H-concave (convex) function, then

2 1 1 1
3|Fve) T F ) | 1 (va)

<(>)1[1+1+1]+ :
=3 @)y f@] T (YamR)

forall x,y, z € I. The equality holds with f (z) = logl(,r)’ zz 1

Example 3.24. Let f (x) = cosh (z), then f is G{H-convex for all z > 1. Apply-
ing Corollary 3.23, we get

2 1 1 1
3 [cosh(\/ﬁ) - cosh (\/yz) - cosh (\/@)]
1 { 1 n 1 n 1 } n 1
3 |cosh(xz) cosh(y) cosh(z) cosh (y/zyz)’

forall z,y,z > 1.

Corollary 3.25. If f : I — (0,00) is GH; Ji-convex function, then

3 1 1 1
Zlf(\/ﬂ>+f(\/y7)+f(x/@)

forallz,y,z € 1.

SIS
f@) fly) F&] f(Vayz)

Example 3.26. Let f () = —log(z), then f is GH, /-convex for all x > 1.
Applying Corollary 3.25, then we get

3 1 1 1
2 {log (Vzz) * log (v/y2) * log (\/gfy)]

1 1 1 1
<3 + + } + )
Log (z) log(y) log(z)] = log(yzyz)
forall z,y,z > 1.
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Corollary 3.27. If f : T — (0, 00) is 1-G{H;-convex function, then

1 1 1 1 1 1 1
TV T T S T Tw Tl T i)

forallz,y,z € I.

Example 3.28. Let f (x) = —log (), then f is G{H;-convex for all z > 1. Ap-
plying Corollary 3.27, we get

1 1 1
log (v/72) + log (/77) + log (v/ZY)
1 1 1 1

= |iog (@) "oz () "oz ()] " Tog (yape)’

forall z,y,z > 1.

4 Popoviciu inequalities for h-HN-convex functions

4.1 The case when f is H; A-convex

Theorem 4.1. Let h : I — (0,00) be a nonnegative super(sub)additive. If f :
I — (0, 00) is HiAp-convex (concave) function, then

2xz 2yz 2xy
(752 ) ()

S(Z)h(3/2)f< 3oz )+h<1/z>[f<x>+f<y>+f<z>1, (30)

Yy + Yz +xz

forall x,y,z € I

Proof. f is HiAp-convex iff the inequality

of

f(w)Sh(l—f)f(a)+h(t)f(5), 0<t<1,

holds for all o, 8 € I. Assume that x < y < z. Ify < wyi‘;%, then

3xyz 2xz 3xyz 2yz
< <z and < <z,
Ty+yz+rz T r+=z ryt+yzt+xz  y+=z
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so that there exist two numbers s, ¢ € [0, 1] satisfying

P 3ryz .
rz Ty+yztrz
- 3zyz ’
x—l—z Szy+yz+mz +(1 _S)Z
and
3zyz
Zyz _ ry+yz+rz "z
- 3ryz :
For simplicity set, ©u = %, summing the reciprocal of the previous two
P Y Ty+tyz+rz g P P
equations
3
x+z +y+z _ (s+1) g T (2—s—1)2 _ 3(s+t)hu+(2—s—1t)z
2xz 2yz _dwyz o, 3u-z ’
Ty+tyz+rz

Simplifying the above equation and reverse it back to the original form (taking the
reciprocal again), we get

u u

utz 2(s+tu+32-s—t)z

since y, x, z > 0, this yields that x = y = z and thus Popoviciu’s inequality holds,
ors+t= % and in this case since f is H{Ap-convex, we have

3zyz
T+ 2z ga£%%§+(k—$z
3xyz
< h(l— _
<h) ) -a) f ()
3zyz
f( 23/2’ ) _ f wy+yg+a:z "z
y+2 b+ (1—1t) 2
3xyz
< h(t h(l1—t S
<hOf @ +n0-0 7 (S22

(L) <nap @+ ol
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Summing up these inequalities we get

(7)o (7)1 (75
<) +hM]f(2) +[h(1—s)+h(1 1) f <3W)

Ty +yz+xz
+h(1/2)[f (=) + f (y)]

<07 +ne-s-0

3zyz
W/W) +h(1)2)[f (x) + f ()]
3xyz

Ty +yz+xz

:h@pn( >+h0ﬂﬂf@%hﬂm+fwm

which proves the inequality in (30). o

Remark 4.2. In (30), setting z = y then we get

2f ( 22y ) +f) < (2)hE/2) S (ngfy

— )21 @)+ 27 6]

forall z,y € I.

Corollary 4.3. If f : I — (0, 00) is H{A-convex (concave) function, then
2 2xz 2yz 2xy
) () (G

)

forall x,y,z € I. The equality holds with f (z) = %, x> 0.

Example 4.4. Let f (z) = arctan (z), then f is HiA¢-convex on (0, c0). Applying
Corollary 4.3, then we get

2{ <2xz) (2yz> (2xy>}
— |arctan | —— ) 4+ arctan { —— | 4+ arctan [ ——
3 T+ z y+z T4y

3xyz arctan () + arctan (y) + arctan (2)
xy +yz+ 2z 3 ’

< arctan (
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Corollary 4.5.If f : I — (0, 00) is HiA| j-concave function, then

3 2xz 2yz 2xy
U)o () ()]

3xyz
2f<:wm>+3[f(x)+f(y)+f(z)]’

forallz,y,z € I.

Example 4.6. Let f (z) = 22, therefore f is H/A, si-concave on x < 0. Applying
Corollary 4.5, we get

zz \? Yz 2 Ty 2
+ +
T+ z Y+ z x+y

3 LYz P 2, .2, .2
> (I
_2<a:y—|—yz+xz> +18(x ty +Z)’

forall z,y,z < 0.

Corollary 4.7. If f : I — (0, 00) is H{A -concave function, then

2xz 2yz 2xy
f<w+2> +f<y+Z> +f<x+y>

>f(W)+[f<x>+f<y>+f<z>],

Ty +yz+xz

forallx,y,z € I

Example 4.8. Let f (z) = 22, therefore f is HiA -concave on (—oo, 0). Applying
Corollary 4.7, then we get
2z \? Yz 2 Ty 2 9|22+ y? + 22 TYZz 2
+ - > = - :
T+ z Y+ z Tty 4 9 Yy +yz + a2

forall z,y,z < 0.

Corollary 4.9. In Theorem 4.1,
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() if f: I — (0,00) is an HiAp-convex and superadditive, then
Tz Yz Ty
2 + +
) (35) o ()
2xz 2yz 2xy
< + +
_f<$+2) f<y+2> f<$+y>

<] () R @)+ 1)+ £ )

3xyz

Sh(S/z)f<xy+yz+xz

> +h(1/2)f(x+y+2),
forallx,y, z € I. If f is an H{Ay-concave and subadditive, then the inequal-
ity is reversed;

(i) if f: I — (0,00) is an HiAp-convex and subadditive, then

2xz 2yz 2xy
+ +
r+z y+z zxT+y

2xz 2yz 2xy
<f(x+2>+f<y+2>+f<x+y>

<h/2 (2 ) e h D) @)+ 1)+ £ )
<32 f () n D @)+ )+ £ G,

for all x,y,z € I. If f is an H{Ap-concave and superadditive, then the
inequality is reversed.

4.2 The case when f is H; Gp,-convex

Theorem 4.10. Let h : I — (0,00) be a nonnegative super(sub)additive. If f :
I — (0, 00) is HGp-convex (concave) function, then

2xz 2yz 2xy
(755 ) (55)

3ryz h(3/2) h(1/2)
< (>) {f (W)] [f (=) f (y) f ()], (3D

forall z,y,z € I.
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Proof. f is HiGy-convex iff the inequality

af h(1—1) h(t)
— ) < , 0<t< 1.
Hasigs) U@ 1 @) <i<
holds for all o, 5 € I. As in the proof of Theorem 4.1, if x = y = z, then the
inequality holds. If s + ¢ = % since f is H;Gp-convex, we have

3zyz
f< 2xz ) _f xy+yg+1‘z Tz
r+z §—TE__ 4 (] —g)z

xYy+yz+rz
3 h(1-—s)
srerer ()]
3zyz
Zyz o TYy+yz+rz Z
) ()
h(t) 3ayz A1)
< [f(2)] {f <my—|—yz—|—xz>] )
H(ZL) <r@rmn?.
Y

Multiplying these inequalities we get

2xz 2yz 2xy
(752 ) ()

swuw@p(3wzﬂmﬁuuw@

Ty +yz + az
Pl )] e

< tpepesse [ (2 N g g

< [1 (22 ) @ swre

—renrn [ (2 ) @ o

() vw e,

which proves the inequality in (31). O



82 M. W. Alomari

Remark 4.11. In (31), setting z = y we get that

2 (2 10= @ [r(22)] @ p e,

forall z,y € I.

Corollary 4.12. If f : T — (0, 00) is H/Gy-convex (concave) function, then

(752G ()
<@ [f(Gaz)] rerwer,

forall x,y, z € I. The equality holds with f (z) = ex, x> 0.

Example 4.13. Let f () = exp (z), > 0. Then, f is HiGi-convex on (0, 00).
Applying Corollary 4.12 we get

4xz 4yz 4y 9xyz
+ + < + zyz,
r+z yYy+z xTt+y Ty + Yz +xz

forall z,y,z > 0.

Corollary 4.14. If f : I — (0, 00) is HiG, /-concave, then

1)) ()
>p(wjﬁimﬂmw@wwwww,

forallx,y,z € I

Example 4.15. Let f (z) = exp(—x), * > 0. Then, f is H;G; -concave on
(0, 00). Applying Corollary 4.14, we get

Tz Yz Ty TYyz
+ + < + zyz,
r+z y+z Tty xyt+yztzz

forall z,y,z > 0.



Popoviciu’s type inequalities 83

Corollary 4.16. If f : T — (0, 00) is H/Gy-concave function, then

2xz 2yz 2xy
(752 G5 ()

> ()@ W),

Yy + Yz + 2z

forall x,y,z € I.

Example 4.17. Let f (z) = exp (—x), z > 0. Then, f is H;G;-concave on (0, 00).
Applying Corollary 4.16 we get

2xz 2yz 2xy 3xyz
+ + <
r+z y+z zx+y xytyztaz
for all z,y,z > 0.

+tr+yt+z

Corollary 4.18. In Theorem 4.10.

() If f : I — (0,00) is an HiGy-convex and superadditive, then
Tz Yz Ty
2 +
P) () ()
2xz 2yz 2xy
+
f($+2> f<y+2> f<x+y>

[ <xy +3 ﬁi’i xz>] o [f @) £ () f ()",

for all x,y,z € I. If f is an h-H,Gi-concave and subadditive, then the
inequality is reversed.

() If f : I — (0, 00) is an HGp-convex and subadditive, then

2xz 2uz 2z
f I Y i Y
r+z y+z x+y

2xz 2yz 2xy
§f<$+2>+f<y+2>+f<x+y>

: [f (xyf%ﬂ @ w e

: [” <xy+yy+x)] @ e,

for all x,y,z € I. If f is an HiGp-concave and superadditive, then the
inequality is reversed.
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4.3 The case when f is HiHy,-convex

Theorem 4.19. Let h : I — (0,00) be a nonnegative super(sub)additive. If f :
I — (0, 00) is HHp-concave (convex) function, then

2xz 2yz 2xy
f<$+2) +f<y+2> +f(w+y>

N[ 1 1 1 h(3/2)
<(>)h(2>[f(m)+f(y)+f(z)]+f(wizﬁm)7 "

forall z,y,z € I.

Proof. f is H{Hy-convex iff the inequality

af f(a) £ (B)
f<ta+(1—t)/3) = hO @ +h(1-07 )

0<t<1

holds for all o, 5 € I. As in the proof of Theorem 4.1, if x = y = z, then the
inequality holds. If s + ¢ = % since f is HiHp-convex, we have

3
f<2xz>:f s 2
T+ z §—IWE_ 4 (1 —g)z

M) f )
() S (s2ess) +h(1=9)f ()
f<2yz>_f< 3@3‘;!”2 )
y+=z t—"2 _ +(1—t)z

rytyztrz
Fss) 1)
RS (2s) +h(1=0) [ ()

2zy f(x) f(y)
f<x+y> SO ESION

>

>
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Therefore, by summing the reciprocal of the above inequalities we get

1 1 1

e () ()

z+y

s 3xyz —s Py 3xyz _ Py
Sh(>f(m,+yzm)+h<1 VP +h0)f () +h (1= (2)

I (sytiss) 1)

f
() +h () f (5755 ) + (1= 9) +h (1= 1)) £ (2)

Faits) 1)
L P2 [f @)+ )]

F@7 )
bt/ (55) +h@ =201 w12 @) + /W)
f (myizziw) f2) f@fw)
MY () +h DI b1/ [f )+ £ )
f (xyizgim) f (@) f(y)
h(1/2) f (zyiﬁim SRR R )+ S )
1 1 h(3/2)
(:) [ 7w f(ﬂ+ f(Y
zytyztrz

which proves the inequality in (32).

Remark 4.20. In (32), setting z = y then we get

21 (55) 10 < @0 (3) 7+ 1)+ &%?)’

2z+y

forall z,y,z € 1.
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Corollary 4.21. If f : T — (0, 00) is HH-concave (convex) function, then

2

1 L !
FE () ()

11 1 ! l
< (2)3[f(x)+f(y)+f(2)]+f(W>’

rxytyzt+xz

forall x,y,z € 1. The equality holds with f (x) =z, z > 1.

Example 4.22. Let f () = arctan (x), 2 > 0. Then f is HiH;-concave on (0, c0).
Applying Corollary 4.21, then we get

2 1 n 1 n 1
3 | arctan (%) arctan (;f’é ) arctan (%)
1 1 1 1 1
~ 3 |arctan(x) arctan(y) arctan(z) arctan( 3zyz )’
TY+yz+rz

forall z,y,z > 0.

Corollary 4.23. If f : I — (0, c0) is HH, i-convex function, then

1 1 L,
B {f(w) f () f(Z)} f(h7u>

zy+tyztrz

forallz,y,z € I.

Example 4.24. Let f (v) = —log (x), z > 1. Then f is HH, -convex on (0, c0).
Applying Corollary 4.23, we get

3 1 n 1 " 1
2 | log (%) log (yzfz) log (%)

1 1 1 1
<3 + + ] + ;
Log (z) log(y) log(z)] ' jog (%)
ry+yz+az

forall z,y,z > 0.
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Corollary 4.25. If f : T — (0, 00) is HH;-convex function, then

+

Lo !
FE) () ()

>[1 +o 1]+ !
“U@ T el ey

xYy+yz+rz

forall x,y,z € I

Example 4.26. Let f (z) = —log (x), > 0. Then f is H{H;-convex on (0, c0).
Applying Corollary 4.25, then we get

1 1 1

108 (Z2) o (22 toa (222
g\ 21z log e log oy

1 1 1 1
< + + } + :
[log (z) log(y) log(z)] jog (Fizzgim)

for all z,y,z > 0.
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