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Numerical algorithm for solving parabolic
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condition
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Abstract. A source identification problem for a parabolic equation with mixed boundary
condition is studied. Stability estimates for the solution of identification problem with
mixed boundary conditions are obtained. Numerical algorithms for solving this inverse
problem are proposed. Stability estimates for difference schemes are established. The
numerical result in test example is presented.
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1 Introduction

Source identification problems (SIPs) for parabolic equations (PEs) are fundamen-
tal to the success and accuracy of modeling efforts for many real processes. They
underpin the ability to understand, predict, and manage complex systems and phe-
nomena effectively.

Methods of solving SIPs and approximations of nonlocal problems for PEs were
investigated intensively by several authors (see [1-21,23] and references therein).

In this paper, we study source identification problem for multi-dimensional PE.
Let Q = (0,1) x (0,1) x --- x (0,1) with boundary S = S; U S, Q =QU S,
where

S={y=,y) lyi=0o0r y;=1,0<ys <1, s#i, | <i<nj,
Slz{y:(ylvay’n)|yl:070§y5§1?8#27 ISZSTL},
So={y=w1, - ,un) lvi=1,0<ys <1, s#4, 1 <i<n}.
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Let L,(Q) and W}(Q) be the Hilbert spaces of integrable functions u(y), de-
fined on Q, equipped with the suitable norms

2
ull ) = { I luy)? dyl--~dyn} :
yeQ

1

lullwzq) = { ) <u<y>|2 LIPS |uyiyj<y>|2) dy .. .dyn}

yeQ i=1j=

Assume that ¢ € Ly(Q), ¢ € W(Q), f € C*(L2(Q)) are given functions,
and a; : Q — RT, i = 1,...,n are known smooth functions.

In the region [0, 1] x Q, we study the following SIP for multi-dimensional PE
with mixed boundary conditions

ug(t, z) —

=

l(al(x)uxl (ta ‘T))afz + Uu(tv JL’) = f(ta :U) —i—p(l’),

x=(x1, - ,xn) €Q, 0<t <1,
a—%u(t,x)zo, x €Sy, ult,x) =0, 2€ 5, 0<t <1,

u(0,z) = kf:l,uku(sk,x) +(x), u(l,2) = o(z), * € Q,

)]

where 77 is the normal vector to Q at the corresponding boundary point.
The differential expression

n

A%y(z) = — Z(ai(x)vzi (2))z; + ov()

i=1

defines the self-adjoint positive definite (SAPD) operator A”, acting on the Hilbert
space L,(Q), with the domain

D(A") = {v v e W3 Q), %(x) =0 on Sp, v(x) =0 on Sz}.

Therefore, the SIP (1) for the multi-dimensional PE can be reduced to the abstract
problem (5), (7), (8) in paper [12] for H = L,(€2). By using stability estimates of
Theorem 1.1, we can formulate the following theorem on stability of SIP (1).

Theorem 1.1. Let sy, 11, S2, 2, ---, Sy, [y be given numbers so that

.
Dl <1,0<s <8< < < 1L
p
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Assume that o, € W3(Q) and f € C*(La2(Q)) are given. Then, for the solution
of SIP (1) for multi-dimensional PE, the following stability estimates hold

1
P < M [Ilziar + 9wz + = W lomunan|

Ieloaay <M (190 + 120 + 1 leu@y)

where positive number M does not depend on f, v, p and .

2 Difference schemes

We will use the set of uniform grid points
0,1, ={ty = k7, k=0,1,--- N, N7t = 1}.

To discretize the problem (1) we use an algorithm with two steps. Firstly, we
define grid spaces

Q= {x =z, = (hymi, -, hymy); m = (my,--- ,my),
mj=0,---,Nj, hjNj =1, j=1,--- 7n}’

QhZQhﬂQ, S?Zﬁhﬂsl, Sél:ﬁhﬂSz

Let us introduce the difference operator A7 by formula

n
A (@) = =Y (aiph @)+ o), )
i=1 o
which acts in space of grid functions v"(x) and satisfies the condition v"(x) = 0
forall z € S% and Dv"(z) = 0 forall z € S}

Applying A7, we arrive at the multi-point nonlocal boundary value problem
(BVP) for some infinite system of ordinary differential equations. Secondly, by
using [12, Eqn. (26), p.1922], we get the first order of accuracy difference scheme
(ADS)

3
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Applying [12, Eqns. (37),(38),(39), p.1925], we get the second order of ADS
Al’
7 (ohe) — o) 47 (1 5 ko)

<]+ TA ) (fh(tk—%7x>+ph($))a IS k S Na x Eﬁh’

2 @)

vii(@) = "), = € Qp,
vl (x) = Z {,uz- (1— pi)vﬁ(x) + ,uipz-vﬁﬂ(x)} +"(z), = € Q.

i=1

Denote by Loy, = Ly(Qp,) and W3, = sz(ﬁh) the spaces of the grid functions
u(z) = {u(hymy,- - , hym,)} defined on Q;, equipped with the corresponding
norms

1/2
[, = | 2wt @rm- ,
: IGQh y
1/2
M=+ Zi e PR L U
W22h = Lo, Tp Ty, My 1 n )

l‘eﬁh r=1

and by C(L,p) = C([0, 1]+, Lyp) the Banach space of Lyj-valued grid functions

u” = {uy} with the suitable norm U7 lle, (L) = A |kl L, -

Denote by C([0, 1], Lap) the linear space of grid functions w™ = {wj}¥
with values in the Hilbert space L,p, and by C;(H) = C([0,1],, H), C*(H) =
C“([0, 1], H) the Banach spaces of bounded grid functions with the norms

W ley (L) = 12}51<XNHwkHL2h’

|whsr — willL
lllogwa = Nllenwan + max_ ——rma

Theorem 2.1. Suppose that T and |h| = \/h3 + --- + h2 are sufficiently small

positive numbers, o € Loy, ¥ € W3, and {f,?}iv € C%(Lap). Then, for the
solution of DSs (3) and (4), the following stability estimates hold
Ce <L2h>]

(),

]

|

Cr(Lap) Loy,

< (|, + 1],
2h
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N N
{ut) + (st}
Uller (Lan) Lan !

where M is independent of {f,?}iv Y (x), o (x) and T.

)

]

<ar ||,
2h

CT(LZh)]

The proof of Theorem 2.1 is based on Theorems 3.1 and 3.2 of paper [12]
on stability estimate for solutions of corresponding DSs for approximate solution
of abstract SIP (5), (7), (8) and the theorem on the coercivity inequality for the
solution of the elliptic difference problem in Ly (see [22]).

3 Numerical Algorithm

For test example, we consider the SIP

v(t, ) — (1 + 22)vge(t, @) — 22 - v, (t, ) + v(t, x)

= f(t,x) +plz), 0<z<m 0<t <1,
v(l,z) = p(x), v(0,z) =v(0.3,2) + Y(x), 0 <z <,
v(t,0) =0, v, (t,7) =0,0<t <1

(&)

for one-dimensional parabolic PDE. Here,

ft,z) = (et —e ) (1 +x*)cosz + 2zsinz) + e (cosz + 1),
O<z<m 0<t<l,
p(x)=et(cosz+1), ¥(x) = (1—e %) (cosz+1),0<z <.

It is easy to check that the pair of functions
{671 ((1 + xz) cosx +2xsinx + cosx + 1) , eft(cosx + 1)}

satisfies SIP (5).
An algorithm of finding the solution of problem (5) consists of three stages. In
the first stage, we search the solution of SIP in the form

o(t,z) = u(t,x) + (A%) 7 (p(x)) +0(1,2),
where u(t, z) is solution of the following auxiliary nonlocal BVP

u(t, ) — (1 + 22 uge(t, ) + 22 - up(t, ) + u(t, x)

=e ' ((1+a?) cosz + 2zsinz +cosz + 1) + f(t, ),
O<z<mO0<t<l, (6)
u(l,z) —u(0.3,2) = (), 0 <z <m,

ug(,0) =0, uy(t,7) =0, 0<t < 1.
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Then, in the second stage, we find p(x) by
p(z) = e ' ((1 +2%) cosz + 2xsinz + cosz + 1) .

In the third stage, we put p(z) in the right side of equation (5) and solve that
problem for v(t, x).
We introduce the set of grid points

[0,1]; x [0,7]p = {(tg,xn) | tx, = kT, k=1,--- ,N =1, N7 =1,
Tpn=nh,n=1,--- M—1, Mh=m}.

We use notation [ = [2] for greatest integer value of 2 and p = 2 — 1.
So, we get the first order of ADS for SIP (5)

vﬁf;}ﬁq N (]+m%)(”5+}1l;21)51+"}§71) _ m"(“fwr;;vﬁfl) + Uﬁ
= f(tg,xn) +p(xp), k=1,--- ,N,n=1,--- M —1, )
U?’]]Y:wn’ Ug_vflszL? n:()’ 7M7
vE =vk Wk, =0, k=0,--- N.
Then, p(z,,) can be obtained by
(1 +22) (u = 2ul +ull xp (ul, —ull
p(l'n):_ n ( ’rL+1h2 n n 1) _ "( n—&-lh n l) +u71:[7 (8)
where {u’fb} is the solution of the difference problem
uflffffl . (1+:c%l)(uﬁ+;;2ufi+uﬁ_l) _ mn(u’:”;;uﬁ_l) + uicl
= f(tp, zn) + (1+1?3L)(80n+1h;290n+<ﬂn—1) + In(%’mz—wn—l) — o,
k=1,-- ,N,n=1,---,M—1, )
ug_u'lrLZQﬂ’ﬂv 77,:0, 7Ma
uf —uk, =0, 4k, =0, k=0,--- /N,

which is the first order of ADS for approximate solution of the nonlocal BVP (6).
For computational reasons it is convenient to write (9) in the following matrix

form
Aptuniq + Bpup + Cpti—1 = IHn,_>n =1,---,M—1,

10
ug = ug, upr = 0. 19
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Here, 6,, is a column vector, A,,, B, C,, are square matrices with (N + 1) rows
and columns:

0 ... 00 0 00
0 0
A, = 5 C: )
" anR 0 " cnR 0
. O 0_
1 0 0 0 -1 0 0 0 0]
b, d 0 0 0 00 0 0
0 b, d O 0 00 0 0
Bn: ’
0 000 -+ 0 - 0%b, d 0
| 0 0 00 -~ 0 -+ 0 0 b, d]

where R is N x N identity matrix and

an=—(1+22)h?2 —z,h1d=1

T

by =1+d+2(1 +22)h7 % ¢, = —(1 +22)h 2+ z,h7 ",

0 0 0
O = ; Un+l = , Up = ,
oN uly uly
n 1 (N+1)x1 nEl 1 (N41)x1 n 1 (N+1)x1

Iisthe (N + 1) x (N + 1) identity matrix, as well as

egzwnanzlv”'vM*]v

1 2 n —2 n n— n n+l—¥n—
efl = f(tp, xn) — (I4+z3) (e th Onten—1) _ @n(p = On_1) + on,

k=1, ,N,n=1,---,M—1.

We search the solution of (10) by the recurrent formula ([17])
Up = Q1 Unil + By, n=M —1,--- 1,

where oy, are (N + 1) x (N + 1) square matrices and [3,, are column vectors
with (N + 1) elements. For the solution of difference equation (10) we use the
following formulas for o, and 3,

Qp = _(Bn"f'cnan—l)ilAn;
ﬁn = (Bn +Cnan71>_l<9n - Cn5n71)> n=1,...,.M -1,
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where oy = I and f3; is a zero vector.
Second, applying appropriate approximation formulas for derivatives in the
nonlocal BVP (5), we get the second order of ADS in ¢ and =

— k k k k k
’Uicz_'[hk; ! + qz(anrl_vnfl) + q3(vn+l_2vn+vn71)
T 2h h?
k k k k k k k k k
+ 7490 (’Un+2_3’un+l+3vn_vn71) + Tq1 (vn+2_4vn+1+6vn_4vn71+vn72)
2 h3 2 ha

= 0k + p(ay,) — z. (1+Ii)(p(90n+1);gp(mn)ﬂﬂ(fﬁnfl))

T (P(Tn11)=P(@n—1)) TP(Zn
. P +1h p V)4 P(237 )

(11

k=1,--- , Nyn=2--- , M -2,

—3uf +4vF —vh =0, vk, =0,

100f — 150F + 605 — o =0, k=0,--- N,

v =, 10 — (1 = p)vl, — polt! = (x,), n=0,--- | M,

where

¢ = (1+a2)% qf = (1 +a3) 22, —2)
g5 = —(1+a3) + 5 (=627, + 42, =3) , g5 = 22y + Sz

Then, we calculate p(z,,) by using (8), with {qu} being the solution of the differ-
ence problem

k—1 k _,k k  _n,k k
uﬁ_un +q§(un+l unfl) +q§l(un+l zun+un71)

T 2h h2
k k k k k k k k k
Iq(? (un+2_2un+1+2un71_un72) Iq’ln (un+2_4un+l+6un_4un71+unf2>
+3 TE +3 %
=0k k=1,--- N,n=2,---,M—2, (12)

—3uf +4ul —uk =0, vk, =0,
10uf — 15uf + 6uf —uf =0, k=0,--- | N,
u%_(l _p)ué_pugjl :w(mn)v n=0,---,M,

which is the second order of ADS for the approximate solution of the nonlocal
BVP (6). For computational reasons it is convenient to rewrite this system in the

matrix form

Anun+2 + Brun +£nun + Dyun—1 + Enun—2 :ienv n= 2_7> M =12,
—3Bug+4u; —uy = 0, 10uy — 15u; +6ur —uz3 = 0, upy = 0

7
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where 6,, is a column vector, A,,, By, Cy, Dy, E,, are (N + 1) x (N + 1) square

matrices, R is N x N identity matrix,

[0 0 1 [0 0 0 ]
0 0
A, = , B, =
enR yn R :
L 0 . L O J
[0 0 0 | [0 0 0 ]
0
Dn = Zn R :  Bn = wy, R :
L 0 . L 0 .
1 0 0 —(1=p) p 0 0 0]
o d 0 0 0 0 0 0
0 7, d - 0 0 0 0 0
C, = , 0, =
0 0 0 --- 0 0 - r, d 0
0 0 0 - 0 0 -+ 0 7, d|

_ T Ta
en = g3 T ot
—® 1 Tq _ 27q
Yn = 2p T3 ® g3 T T
1 2 37
ta =14 o g e T

1 T 2T
o = =g @3 T E - T
— _TqQ 4 19 —
Wn=—g3 tgpe, n=2, , M—2.

We search the solution of linear system equation (13) in the form
Up = Op41Un+] +ﬂn+]un+2+')/n+], n= M_27 ;0;
where
= 0. a0=%R Bo= —1R a; =B8R B = 3R
Yo =7 = 7050*3 760* 3 7051*5 7/61* 54

and o, Bn, Vn are defined by recurrent formulas

F, = (Cn + Dpan—g +En6n—2 + Enan—Zan—l) y =2, 7M -1,

Oy = _Fn_l (Bn + Dnﬁnfl + Enan72ﬁn71) 5 ﬂn = _Fn_lAm
Tn = _anl (R(Pn - Dnlyn—l - Enan—Z'Yn—l - En’Yn—Z) .
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For ups and ups—1, we have formulas

upy = ﬁ, up—1 = (Q1+Q2) ' (Q3 + Qu)

Q1= By—2+ Cy2an—1+ Dy—s (anp—2am—1 + Bru—20-1)
Q2 = Eya (-3 (apr—2an—1 + Bayr—2) + Bu-3)

Qs =10y 2 — Cyovym—1 — Do (anr—2vym—1 +vm-2),

Q4= —En o (anr—3 (anmr—2vm—1 +vm—2) + Bru—3ym—1 +vn—3) -

Numerical illustration is carried out by using MATLAB program. Solutions of
DSs are computed for different values of (N, M). v¥ and u* correspond to the
corresponding numerical values of v(t, z) and u(¢, x) at (¢,x) = (tk, zy) and p,
represents the numerical value of p(z) at point x = z,,. The errors are computed
by

1
) 2

2 2
h>,

Evl ‘ (te, ) —
U = (Z

E ‘ (th, Tn) —
= (3 [t -

Epy = (le n) pn|2h>

N—=

Table 1. Errors in the numerical solutions of the first order of ADS for different
values of (N, M).

N=M 20 40 80 160
Evl, |1 0.20745 | 0.09636 | 0.04654 | 0.02288
Epy | 0.07210 | 0.03214 | 0.01518 | 0.00737
Ev]\]\/’[ 0.14042 | 0.06396 | 0.03061 | 0.01498

Tables 1 and 2 illustrate the errors between the exact and approximate solutions
of DSs for various values of N and M, respectively. It can be seen from output
results that the second order of ADS is more accurate than the first order of ADS.
The error analysis shown in Tables 1 and 2 indicate that both DSs have correct
convergence rates.
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Table 2. Errors in the numerical solutions of the second order of ADS for different
values of (N, M).

N=M 20 40 80 160
Evl, | 0.01902 | 0.00423 | 0.00091 | 0.00021
Epyr | 0.09052 | 0.02323 | 0.00678 | 0.00181
EvY, 1 0.09078 | 0.02181 | 0.00417 | 0.00095

4 Conclusion

In this work, SIP for a multi-dimensional parabolic partial differential equation
with multi-point nonlocal and mixed boundary conditions is studied. Stability
estimates for solutions of inverse problem and its approximations are established.
Numerical illustration is given for the simple test problem.
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