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Abstract. Let B be a complete Boolean algebra, Q(B) the Stone compact of B, and let
Cx(Q(B)) be the commutative unital algebra of all continuous functions z : Q(B) —
[—00, +00], assuming possibly the values +0o on nowhere-dense subsets of Q(B). Let
(E,|| - |z) € Cx(Q(B)) be a Banach-Kantorovich lattice over the algebra L°(Q) of
equivalence classes of almost everywhere finite real-valued measurable functions on a
measurable space (, X, 1) with o-finite measure p. The paper defines the p-convexification
of the Banach-Kantorovich lattice (E, ||-|| g) and proves that it is also a Banach-Kantorovich
lattice over L°(Q).
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1 Introduction

One of the important tools in studying the isomorphic properties of Banach lattices
is the concepts of p-convexity and g-concavity of these lattices. For example, these
concepts are actively used in the study of the uniform convexity in Banach lattices,
as well as in the study of the properties of symmetric functional spaces (see [1]).
In [1], a general procedure for constructing p-convex and g-concave lattices
is given, starting from an arbitrary Banach lattice, namely, for a given Banach
lattice X, its p-convexification X? is determined. In case X is a Banach lattice of
functions, X? can be identified with the space of all functions f so that |f|P € X
1

equipped with the norm || || x» = |||f|?||%. It is known that for a Banach lattice
(X, |l 1lx), its p-convexification (XP, || - || x») is also a Banach lattice. In addition,
properties such as the order continuity of the norm and the Fatou property carry
over from X to X7?.

The development of the theory of Banach-Kantorovich spaces naturally in-
volves the introduction and study of the properties of p-convexity and g-concavity
of these spaces.
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Let B be a complete Boolean algebra, Q(B) the Stone compact of B. De-
note by L(B) the algebra C..(Q(B)) of all continuous functions = : Q(B) —
[—00, +00], assuming possibly the values 0o on nowhere-dense subsets of Q(B).

Let (E, | - ||g) € L°(B) be a lattice-normed space over the algebra L°(Q) of
equivalence classes of almost everywhere finite real-valued measurable functions
on a measurable space (€, X, ) with o-finite measure . In this paper, we define
the p-convexification of a lattice-normed space (E, || - || g) and prove that if
(E, || - || g) is a Banach-Kantorovich lattice over L°(Q), then its p-convexification
is also a Banach-Kantorovich lattice over L°(Q).

We use the terminology and notation of the theory of Boolean algebras from
[2], the theory of vector lattices from [3], the theory of vector integration and the
theory of Banach-Kantorovich spaces from [4], as well as the terminology of the
general theory of Banach lattices from [1].

2 Preliminaries

Let E be a vector lattice, i.e. an ordered vector space that is also a lattice. Thereby
in a vector lattice there exist a least upper bound sup{zy,...,z,} == 2;V...V,
and a greatest lower bound inf{z,...,z,} = z1 A ... A z, for every finite
set {z1,...,2,} C E. In particular, every element z € F has the positive part
x4 := x V0, the negative part x_ := (—x)4+;= —z A 0, and the modulus |x| :=
xV(—z)=xz4y+x_.Let E; = {z € E:x > 0}. An order interval in F is a set
of the form [a,b] := {z € X : a < x < b}, where a,b € E. Two elements z and
y are called disjoint if |z| A |y| = 0.

A linear subspace J of a vector lattice E is called an order ideal if the inequality
|z| < |y| implies « € J for arbitrary z € E and y € J. Every order ideal of a
vector lattice is a vector lattice. A set in E is called order bounded if it is included
in some order interval.

A vector lattice is called Dedekind complete if every non-empty order bounded
set in it has least upper and greatest lower bounds. If, in a vector lattice, least upper
and greatest lower bounds exist only for countably bounded sets, then it is called
o-Dedekind complete.

We say that a Dedekind complete (o-Dedekind complete) vector lattice is ex-
tended if its every subset (countably subset) of pairwise disjoint elements is bounded.

Let (Q,X, 1) be a o-finite measure space, and let L°(Q) = L(Q, X, i) be the
algebra of equivalence classes of almost everywhere finite real-valued measurable
functions on (Q,X, ). With respect to the partial order f < g < g—f >0
(almost everywhere), the algebra L°(Q) is a Dedekind complete vector lattice with
a weak unit 1(w) = 1, and the set B(Q) of all idempotents in L°(Q) is a complete
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Boolean algebra with respect to the partial order induced from L°(Q).

Let X be a vector space over the field R of real numbers. A mapping || - || :
X — L%(Q) is called an L°(Q)-valued norm on X if the following relations hold
foranyz,y € X and A e R:

D [lz] = 0, [lz]| =0 2 = 0;
@) (x|l = [A] [l];
3) [z +yll < llzll + llyll.

The pair (X, || - ||) is called a lattice-normed space (LNS for short) over L°(Q).
A lattice-normed space X is said to be decomposable (d-decomposable) if for
any € X and any decomposition ||z|| = fi; + f» into a sum of nonnegative
(respectively, disjunct) elements fi, f» € LO(Q), there exist x1, x> € X such that
x =z + a2, and ||zk|| = fr, k= 1,2.

Suppose that X is a vector lattice. The norm || - || is monotone if |z| < |y
implies ||z| < ||y|| for z,y € X. If a lattice-normed space (X, || - ||) over L°(Q)
is a vector lattice with a monotone norm, then it is called a lattice-normed vector
lattice over L°(Q).

Anet {zy}aca of elements of (X,| -||) issaid to (bo)-converge to x € X if
the net {||z — 4| }aca (0)-converges to zero in the lattice L°(Q) (recall that the o-
convergence of a netin L(Q) is equivalent to its convergence almost everywhere).
A net {7q}aea C X is called (bo)-fundamental if the net {zo — T} (a,8)caxA
(bo)-converges to zero. A lattice-normed space is called (bo)-complete if every
(bo)-fundamental net in it (bo)-converges to an element of this space.

Every d-decomposable (bo)-complete lattice-normed space is called a Banach-
Kantorovich space (BKS for short). If a Banach Kantorovich space is in addition
a vector lattice and the norm is monotone, then it is called a Banach-Kantorovich
lattice. Every BKS is a decomposable LNS (see [4],[5]).

The theory of the integral of elements of an extended o-Dedekind complete
vector lattice by a o-additive measure with values in a bo-complete lattice-normed
space has proved to be very effective for constructing useful examples of Banach-
Kantorovich spaces. Let us recall some basic notions of the theory of vector inte-
gration (see [4],[6]).

Let B be a complete Boolean algebra with zero 0 and unit 1. The exact upper
and lower bounds of a set {¢, ¢} C B are denoted by ¢V ¢ and e A g. A Boolean
subalgebra A in B is called a regular if sup £ € A, and inf £ € A for any subset
E C A. Every regular Boolean subalgebra in B is a complete Boolean algebra.

A mapping m : B — L°(Q) is called a L°(Q)-valued measure if it satisfies
the following conditions: m(e) > 0 for all e € B; m(e V g) = m(e) + m(g) for
any e, g € Bwithe A g = 0;m(e,) | 0foranynete, | 0, {e,} C B.
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A measure m is said to be strictly positive, if m(e) = 0 implies e = 0. A
strictly positive L°(Q)-valued measure m is said to be decomposable, if for any
e € B and a decomposition m(e) = fi + fo, fi,f» € L%(Q). there exist
er,ep € B, suchthat e = ¢ V ey, m(e;) = fi and m(ez) = f2. A measure
m 1s decomposable if and only if it is a Maharam measure, that is, the measure m
is strictly positive and for any e € B, 0 < f < m(e), f € L°(Q), there exists
q € B, q < esuchthat m(q) = f [7].

The following statement shows that, in the case of the Maharam measure m,
there is a natural embedding of the Boolean algebra B(2) into the Boolean algebra
B.

Proposition 2.1. [8, Proposition 3.2] For each L°(Q)-valued Maharam measure
m : B — L°(Q) there exists a unique injective completely additive Boolean ho-
momorphism ¢ : B(Q) — B such that ¢(B(Q)) is a regular Boolean subalgebra
of B, and m(p(q)e) = qgm(e) forall ¢ € B(Q), e € B.

Let Q(B) be the Stone compact of a complete Boolean algebra B, and let
L°(B) := Cs(Q(B)) be the algebra of all continuous functions = : Q(B) —
[—00, +00], assuming possibly the values 00 on nowhere-dense subsets of Q(B).
With respect to the partial order = < y < y(t) — z(t) > 0 forall ¢t €
Q(B) \ (z71(00) Uy~ (£o0)), the algebra L(B) is an extended o-Dedekind
complete vector lattice (see [[4, 1.4.2]]).

We identify B with the complete Boolean algebra of all idempotents in L°(B),
i.e., we assume B C L°(B). According to Proposition 2.1, for the Maharam
measure m : B — L%(Q), there exists a regular Boolean subalgebra V(m) in B
and a Boolean isomorphism ¢ from B(Q) onto V(m) such that m(p(q)e) =
gm(e) forall ¢ € B(Q), e € B. In this case, the algebra L°(Q) is identified with
the algebra L°(V(m)) = Cux(Q(V(m))) (the corresponding isomorphism will
also be denoted by ¢), and the algebra Co(Q(V(m))) itself can be considered
as a subalgebra and as a regular vector sublattice in L°(B) (this means that the
exact upper and lower bounds for bounded subsets of L°(V(m)) are the same in
L°(B) and in L°(V(m)) ).

Denote by N the set of all natural numbers, and for each element z € L°(B)

we define its carrier s(z) := sup{|z| > n~'}, where {|z| > A} € B is the
neN
characteristic function x g, of the set E\ which is the closure in Q(B) of the set

{t e Q(B):|z(t) > A}, A e R.

We now specify the vector integral of the [4] for elements of some abstract
o-Dedekind complete vector lattice. Take as an extended o-Dedekind complete
vector lattice the algebra L°(B). Consider in L°(B) the vector sublattice S(B) of
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n
all B-simple elements of x = > a;e;, where iy, ..., € Rand ey,...,e, € B
i=1
are pairwise disjoint. Let m : B — L%(Q) be a L°(Q)-valued measure on B. If
x € S(B) then we put by definition

I (x) ::/ xdm = Zakm(ek).

k=1

As it was described in [4], the integral I,,, can be extended to the spaces of m-
integrable elements £' (B, m). On identifying equivalent elements, we obtain the
K,-space L'(B,m). Foreachz € L'(B,m) (the entry x € L'(B, m) means that
an equivalence class with a representative of x is considered) the formula

el = / jwldm

defines an L°(Q)-valued norm, that is (L'(B,m), ||z||1m) is a lattice-normed
space over L°(Q) (see [4, 6.1.3]). Moreover, in the case when m : B — L%(Q) is
a Maharam measure, the pair (L'(B,m), ||z||1 ) is a Banach-Kantorovich space.
In addition, L°(V(m)) - L'(B,m) c L'(B,m), [(¢(a)x)dm = « [ xdm for
allz € LY(B,m), a € L%(Q) [4, Theorem 6.1.10].

Letp € [1,00), and let

LP(B,m) = {z € L°(B) : |z’ € L}(B,m)},

1
fellpn i= [ [ lapdm], sz € £2(B,m)

It is known that for the Maharam measure m the pair (LP(B,m), ||z||pm) is the
Banach-Kantorovich space [6, 4.2.2]. In addition,

o(a)z € LP(B,m) ¥ = € LP(B,m), a € L°(Q), 1 < p < oo,
and [[o(a)z]lpm = le]|z]pm.
3 On p-convexification of Banach-Kantorovich lattices over the ring
of measurable functions

Let m be an L°(Q)-valued Maharam measure on a complete Boolean algebra B.
In the rest of this section we assume that m(1) = 1.

Let E be a nonzero linear subspace in L°(B), and let || - ||z be an L°(Q)-
valued norm on E, which endows FE with the structure of a lattice-normed vector
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lattice over L°(Q). Let 0 < p, ¢ < oc. The lattice-normed vector lattice E is said
to be p-convex (respectively, g-concave) if and only if there exists a constant
M > 0 such that, for any finite sequence {z;};_, C E,

1O L) 2] < MY ) 2, (1)
k=1 k=1

respectively,
n

n
(D lealy) ™ < M| (D lanl) (2)
k=1 k=1
The least constant M > 0 satisfying (1) (respectively (2)) is called the p-
convexity (respectively, g-concavity) constant of £ and will be denoted by M (») (E)
(respectively, M, (E)). Itis clear that lattice-normed vector lattice E over L(Q)
is 1-convex with convexity constant 1. If E = LP(B,m), 1 < p < oo, then for all
finite sequences {x}}_, C LP(B,m),

I3 ) = (2 b

Consequently, LP(B,m) is p-convex and g-concave and moreover

§,m) 1/p.

MP)(LP(B,m)) = M, (LP(B,m)) = 1.

Let £ C L°(B) is a lattice-normed vector lattice over L°(Q). Since L°(B) is a
o-Dedekind complete vector lattice, then E is an order ideal. Hence, F is also a o-
Dedekind complete vector lattice. In addition, it is possible to define the structure
of the L°(Q)-module on E as follows: A\ -z = p(A)z, x € E, A € LY(Q),
where ¢ is an isomorphism from L°(Q) to L%(V(m)) (see the remark made after
Proposition 2.1).

Following the work [1, chapter 1, section d], we consider the construction of
p-convexification for lattice-normed vector lattices (E, || - || ) over LO(Q).

First of all, let us focus on the concept of the p-th degree of an element of space
LY%(B). Let’s take an arbitrary z € L°(B),r > 0. The set G = {t € Q(B) :
—00 < x(t) < +oo} is dense and open in Q(B). For the number p > 0, put
y(t) = (z(¥))P,t € G. Since y = y(¢) is a continuous function on G, there
exists a unique continuous extension of y(¢) onto the whole of Q(B) (see [3],
Lemma V.2.1). Denote this extension by xP. Note that 27(¢) = +oo0 if and only if
x(t) = +o0.

For 1 < p < oo, the set E®) C LO(B) is defined by setting

EW = {z € L°(B) : |z’ € E},
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and set 1
Izl g = llzl?ll, « € BV,
It is clear that in the case of E = (L'(B,m), || - ||1.m) the equalities hold
LY(B,m)?) = LP(B,m) : = {z € L°(B) : |z|P € L'(B,m)},
1
1l 21 (5, = W PlT e = NIl m-

Let us first show that (E®) || - || ) is a lattice-normed vector lattice over

LO(Q).

Lemma 3.1. E?) is an order ideal in L°(B), that is, a linear subspace in L°(B)
with the property of ideality.

Proof. Itis clear that azz € E®) whenever z € E® and o € R. Letz,y € E®),
er = {|z| > ly|} := s((Jz|—|y|)+), e2 = 1—e;. Then it follows from the estimate
[z +ylPer < (lz] + ly))Per = (lzfer + [yler)” < 2%|z|Per < 27|f?

and from the fact that F is an order ideal in L°(B), that |z +y[Pe; € E. Similarly,
|x + y|Pe; € E. Consequently, |z + y|P = |x + y|Pe; + |z + y[Pes € F, and
x4y € EP. Thus, EP) is a linear subspace in L°(B). Furthermore, it is clear that
x € E®) whenever x € L°(B) satisfies || < |y| for some y € E®), O

Lemma 3.2. Suppose that 1 < p,q,r < oo satisfy 1/p+1/q=1/r. Ifz € E®
and y € B, then vy € E") and |[xy| po) < |2 go 9]l ga-

Proof. Consider first the case that » = 1. For a proof, it may be assumed that
2l g = 1Yl g = 1. Young’s inequality
1 1
lzy| < —[z|” + —|y|?,
p q
implies that zy € E and that
1 1 1 1
lzylle < —llzPle + -lllyl'le = -+ - =1
p q p q

This proves the case r = 1.

To prove the general case, suppose that z € E®) and y € E@. Observing
that |z|” € E®/") and |y|” € E/"), it follows from the first part of the proof
that |zy|” € E and that

1 1 1
eyl g = Wyl < Wal g m Myl = 12l g Iyl po-
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Lemma 3.3. || - || y is @ monotone L°(Q)-valued norm on E).

Proof. Ttis clear that ||| wo = |||z g for all z € E® and o € R. More-
over, ||z|| g > 0 and |||z|P||z = 0 if and only if = 0.

For the proof of the triangle inequality it may be assumed that p > 1. Let
z,y € BEW), f = HI‘H%@), g= HyH%(p), h = |z + Z/||7;3(p). It must be shown that
hl/P < fUP 4 gV/P Ttis clear that |z +y[P~' € B with |||z + y|P~ || g =
|z + y||%/(z) (where 1/p + 1/q = 1). Therefore, via Lemma 3.2 (with » = 1), it
follows that

lz + 9l = Nz +yPlle = llle+yllz +yIP e <

llellz +yP~ 1l + lylle + 5P~ e < (12l s + lyllza)llz + 5

Thus, we have the following inequality b < h!'/9(f1/P4¢'/P). Therefore, h'/4( f1/P+
gl/p — hl/p) > 0, which implies that fl/p + gl/p — hY/? > 0. Indeed, if we
assume that there is an idempotent ¢ € B(Q) and a number € > 0 such that
(f1/P 4 g'/P — h1/P)e < —ce, then he # 0, and multiplying both parts of the latter
inequality by h'/%e, we get h'/9(f1/P 4 g'/P — B1/PYe < 0, which contradicts to
what has already been proven.

Now, if z,y € E®) and || < |yl, then |z|P < |y|?, and therefore

1 1
lellpw = MalPll£” < My 1E" = Iyl s
Thus, || - || g is a monotone L°(Q)-valued norm on E®). o
The space (E®), || - || pw) is called the p-convexification of the lattice-normed

vector lattice (£, || - || g). It has thus been shown that the following holds.

Proposition 3.4. If (E, || - || ) is a lattice-normed vector lattice over L°(Q), then
its p-convexification is also a lattice-normed vector lattice over L°(Q).

Remark 3.5. The p-convexification E() of any lattice-normed vector lattice E is
p-convex with a convexity constant equal to 1,i.e. M®)(E®) = 1.

Indeed, if z,...,x, € F, then

n 1 n 1 n 1 n 1
IO larl”) Mg = 11D lenlPllE < (D llanlPlle)™ = (D leelfy)?-
k=1 k=1 k=1 k=1

To prove the completeness of the lattice-normalized space (E®), || - || g ), We
need an analogue of the well-known Amemiya’s theorem (see, for example, [9,
Chapter X,§3, Theorem 2]) for lattice-normed lattices over LO(Q). The following
is a variant of the Amemiya’s theorem, established in [10, Theorem 3.2].
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Theorem 3.6. Let (E, || - ||) be a lattice-normed vector lattice over L°(Q). The
following statements are equivalent:

() (E, |- 1) is a (bo)-complete lattice-normed space;
(ii) any positive increasing (bo)-fundamental sequence in E (bo)-converges;

(iii) for any positive increasing (bo)-fundamental sequence {x,}nen there exists
T =supx, € L.
neN

We also need the following result.

Lemma 3.7. Let 2,y € L%(B) and x > y > 0. Then for any p > 1 the following
inequality is valid:
2P —y? <paP~H(z —y).

Proof. To prove, we can assume that p > 1 and x > y. Since x > 0 and y > 0,
then there are 2~ ', y~! € L°(B). Put z = xy~!. Then since z > 1 and p > 1,
we have zp > z. Hence, z +p < zp + 2! 7P, thatis zp + 2! P — 2 —p > 0, or
xy 'p + ' PyP~! — zy~! — p > 0. Further multiplying both parts of the latter
inequality by yz?~! > 0, we get 2Pp + y? — 2P — pyxP~! > 0. From here, we
finally get 2P — y? < paP~!(z — y). O

The following theorem is a version of Proposition 3.4 for Banach-Kantorovich
lattices over L°(Q).

Theorem 3.8. If (E, || - || g) is a Banach-Kantorovich lattice over L°(Q), then its
p-convexification (EW) || -|| ) is also a Banach-Kantorovich lattice over L°(Q).

Proof. We show that the norm || - ||z is d-decomposable. Since || - ||z is a
d-decomposable L°(Q)-valued norm on E, then for any element x € E and any
decomposition ||z||g = fi + f2, where f1, f>» € LQ(Q), fif. = 0, there are
x1,Ty € F suchthat x = x1 + 27 and ||zk|lp = fx, & = 1,2. Lete; = s(fy),
1 =1,2. Then,eje; =0 andx; =z -¢;, ¢ = 1,2.

Lety € EW, |lylgw = g1 + g2, where gi,02 € LY(Q), 192 = 0, ie.
lv*lle = llyll%, = 91 + g5 Putg; = s(g7) and y; = y - qi, i = 1,2. Then,
y¥ = yP - ¢; and, using the d-decomposability of the norm || - || for z = y?, f; =
gr, i =1,2, weobtainthat y* - ¢ + y* - o = y? and |y - ¢l g = g, 1 = 1,2.
Sinceqiqp =0, y-q1 +y-@=y.

We now show that the lattice-normed vector lattice (E®), || - || zw) is (bo)-
complete. To prove this, we can assume that p > 1 and let ¢ > 1 such that

% + é = 1. Let {z,,} be positive increasing (bo)-fundamental sequence of E(?).
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By Theorem 3.6, it is sufficient to show that there exists x = sup z,, € E®) Let

neN
A = sup ||y g For n > m according to Lemma 3.7 we have the following
neN
estimate

0<ab —aP < pab Nz, —apm).

Applying Lemma 3.3, we get
25, = 2%/l < pll2h ™" | poll (20 — 2m) £

= pHanI;;/(Z) [(zn — 2m) ||l pw < p)‘p/qH(xn — Zm) || pw)-

This implies that {z},} is positive increasing (bo)-fundamental sequence in E.
Since E is (bo)-complete, it follows that there exists 0 < y € FE such that

y = sup =5, (Theorem 3.6). Consequently, 0 < z = yl/p € EW and z =
neN

sup x,,. It remains to use Theorem 3.6 again, by virtue of which (E®) || - || z»)
neN

is (bo)-complete. Thus, (E®), || - || z) is a (bo)-complete decomposable lattice-
normalized vector lattice. Therefore (E?), || - || 5)) is a Banach-Kantorovich lat-
tice over L2(Q). O

Conclusion

In this paper, the concepts of p-convexity and g-concavity in lattice-normed vector
lattices (E, ||-|| ) over the ring of measurable functions are introduced and proper-
ties associated with these concepts are considered. A principal result of the paper
is that, if (E, || - ||g) is a Banach-Kantorovich lattice, then its p-convexification
(E®) || - || g ) is also a Banach-Kantorovich lattice.
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