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Abstract. This paper presents the existence and uniqueness of the weak solution for the
nonlinear system of sine-Gordon equations which describes DNA dynamics. An uncon-
ditionally stable second order difference scheme generated by the unbounded operator A?
corresponding to the system of sine-Gordon equations is considered. Weak solutions are
a more general type of solution to the system of sine-Gordon equations than classical so-
lutions and are important in the case of low regularity conditions. The weak solvability is
studied in the space of distributions using variational methods. A very efficient numerical
method that combines the finite difference method and the fixed point theory is used to
perform numerical experiments to verify theoretical statements.
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1 Introduction

Wave phenomena are effectively described by hyperbolic partial differential equa-
tions (PDEs), but classical solutions, which require high smoothness, often fail to
capture the complexities of real-world behavior. This limitation has led to weak
solutions, a practical mathematical framework that reduces smoothness require-
ments, enabling the modeling of discontinuities such as shock waves and material
failure. These phenomena are critical in physics, where sudden changes frequently
occur in various systems.

Weak solutions, constructed in the space of distributions using variational or
energy methods, extend the applicability of hyperbolic PDEs by providing a more
adaptable and accurate approach for analyzing and representing complex wave
behavior. This framework connects mathematical precision with the challenging
nature of physical processes, making it a fundamental tool in modern physics (see,
[1,2,4-6,11,13,21,22,27,28,35]). In the research on the mathematical model-
ing of many phenomena in physics, biology, engineering in particular relativistic
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quantum mechanics, acoustics, biomedical engineering, and field theory are wave-
type equations and are of great interest (see, [12—14, 18,26,30-32]). In In recent
decades many mathematicians have been studying the theoretical and numerical
research fields of nonlinear systems for sine-Gordon, Klein-Gordon, and coupled
sine-Gordon equations (see, [6, 12-14, 26, 32]). Nowadays, these type of prob-
lems get more attention due to the existence of solitons. Nonlinear equations of
the soliton type are waves that occur in proteins, DNA, and signal conduction be-
tween neurons (cf., [30]). The system

{ Ugp — Ugy = —06% sin(u — v),

Vgt — Vg = sin(u — v)

models the DNA dynamics. This type of system models the open states in DNA
double helices and is studied by many scientists (see, [12, 28, 30,32, 33] and the
references given therein). In this paper, we use the proof methodology and Math-
ematical tools of Temam R. et al. (see, [1,2,4,21,22]). This article uses second-
order hyperbolic evolution equations in the following form. Let Qp = Q x (0,77,
with T'> 0,and S = [0, T] x T forT = 9Q, Q = QUT, and Q C R" be an open
and bounded set. A widely known (see, [6]) initial/boundary-value problem is

wtt—l—wt—l—Lw:f, iHQT
w=0o0nS, (1)
w=g,w; =hon € Qx {t =0},

with given functions f : Qr — R, g,h : Q@ — R, and w : Q7 — R is the
unknown, w (x,t) . Here L denotes a partial differential operator for each time ¢
in the form

n

Lw=—"" a" (z,t) wae;, + Y 0 (2, 8) we, +c(z,t)w @

ij=1 i=1

for the coefficients a*, b?, ¢ (i, = 1,...,n).
In this work, the second order differential operator

Lw = —a(z,t) Wee +b(x,t) wy + ¢ (z,t)w (3)
for the coupled system of problem (1) for Qp and Q C R. Here, we will assume

initially the coefficints a,b,c € C' (Qr) and f € L*(Qr), g € H}(Q), h €
L*(Q).



Weak solutions of unconditionally difference scheme 49

In the present paper the weak solutions of second-order of accuracy uncondi-
tionally stable difference scheme corresponding to the nonlinear system of coupled
sine-Gordon equations

% +anY + % — BiAu+ v sin (611 + d1pv) = f in Qr, @
% + 0621%1; + 0422%7; — BoAv + 7y sin (6214 + 022v) = ¢ in Qp
with boundary conditions
u=0andv =0o0n S5, 5)
and initial conditions
ou .
u(0,z) = ¢ (z) and 5(0, x) =(z) in Q x {t =0}, (6)
ov .
v(0,x) = ¢y(x) and E(O’ x) =Yn(z)in € Q x {t =0} @)
is studied. Here, 2 C R is a bounded open set and A is Laplacian. The coefficients
aij, Bi, Vi, 0, pij are nonzero real numbers for ¢, j = 1,.... We denote

F itz u,v,ue,v) = f(t,x) — yisin (011w + 012v) — a1y — aavy,

gtz u,v,u,v) = g(t, ) — yasin (021w + d20v) — 1y — 220y

The source functions f and § satisfy the Lipschitz conditions

| (6, wr, (wi)e) = F (4 2, w2, (w2)o)| < Lflwy = waf + [(wn), — (w2),[].

with w = (u, v) on Qp, where L is a positive constant.
The neighboring atoms, and related kinetic energy are described by higher order
derivatives. The sine trigonometric function which is a nonlinear terms containing
stands for the potential energy. The rest of the terms are source functions and
damping terms.
Let A = —A be a self-adjoint positive definite unbounded operator in a Hilbert
space H. One can write problem (4)-(7) as follows
%271; + an% + alz% + B]Au + ’y]sin ((51]11, + 6]21)) = f,O <t< T,
% +an Q¥+ andt + BrAv + vy sin (Gyu+ 5v) = 9,0 <t < T,
u(0) = g1 € V,u'(0) = ¢ € H,

v(0) = 2 € V,0'(0) = 4» € H.

®)

Here, V is the Hilbert space satisfying the relation V' C H.
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Existence and uniqueness of problem (8) is considered as the limit of second
order of accuracy unconditionally stable difference scheme generated by A?

2
T2 (g1 — 2up, + up—1) + B Auy, + BT A%y
+95 (W1 — ug—1) + 52 (Vg1 — vk—1)
1 sin (O11ug + 012vk) = frs
o= f(tr), th=Fkr, 1<E<N-1,NT=1,
2
T2 (U1 — 205 + 1) + BoAuvg + B A2up
+ 5 (w1 — uk—1) + 52 (V41 — Vg—1)
+72 sin (021up + 6220k) = gk,
g =9(tr), tx=kr, 1<E<N-1,N7=1,
’ 2 ~
U (0) = (I+ %)7_1 (U] —UO) - % (fo — AUQ> =Yy,

’

V'(0) = (I + ZA)r " (v —vo) — 5 (o — Avg) = ¥

®

with a damping term for the nonlinear system. For the solution of (9) we consider
the set of a family of grid points

Qp=10,T]: x [0, L], = {(tk, zn) : ty = k1, 0 <k <N,

Nt =T,z, =nh,0<n<M,Mh=L} (10)

with parameters 7, h, and constants 7', .. Here f3, gr, ©1, @2, 1, and 1), are
given nonzero elements. The unconditional stability and the convergence of the
linear undamped form of difference scheme (9) is presented in [18,20].

The weak and global solutions, nonlinear dynamics of partial differential equa-
tions, finite difference, and finite element methods are extensively studied by many
scientists (see, [18-28] and the references given therein).

2 Preliminaries and problem settings

In this section, several theoretical statements that are necessary for the the sequel
will be presented. For the results of the elementary spectral theory, and bilinear
forms we refer to [1, 2,4, 6-8, 10, 16]. We use the Hilbert spaces H = L? (Q),
V = H}(Q), and dual space vV = H(;l (). The inner product

(v,w) = /v(:r)w(x)da:, lv] = (v,v)l/2 Nw,v € L?(Q), (11)
Q
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and the norm

v, w :n ivxiwxxv: ’U’Ul/2 w, v !
() = 32 [ g grwtald o] = (00 o € 1} (@

(12)
are equipped for these spaces.

We have the embedding V. — H = H' — V' with V' = H~'(Q), and
the pair (V, H) is a Gelfand triple space. We consider continuous, dense, and
compact embedding V' C H and H C V. The weak solutions are studied in the
establishments of the triple space. In the variational formulation, a bilinear form

a(w,v) = / Vw.Vodr = ((w,v)),Yw,v € V = H}(Q), (13)
Q

will be used which is symmetric on V' x V = H}(Q)? and bounded. Moreover,
the bilinear form is coercive and satisfies

a(w,w) > pi|wl|*,i=1,...,Ywe V. (14)

Let the operator A that is an isomorphism from V onto V' and A = —A with
relation

(Aw,v) = a ((w,v)). (15)

Here A is self-adjoint, unbounded operator in H with dense domain D(A) =
{weV|Aw € H} in H and in V. When the bilinear form a is symmetric, it

follows that A is self-adjoint (from V into V"’ and as an unbounded operator in H)
(Av,w) = (Aw,v) = a ((v,w)), Yo,w €V (16)

and moreover A~! the inverse of A is also self-adjoint in H. Thus, A lis a
compact operator in H, self-adjoint.

Let A be an unbounded, strictly positive self-adjoint operator in H. Then one
can employ the spectral theory (see, [8, 10]) and can define the powers A® of A,
for s € R. Here we consider the case of the compact injection of V in H.

In the present study, A~! is considered as a compact self-adjoint operator in
H, and we use the spectral theory of compact self-adjoint operators in a Hilbert
space (see, for example, [9]). There exists a orthonormal complete family of H,
{w;} ;e with eigenvectors of A

A \wj = pjw;,  VjeEN (17)

and the sequence 1 is monotonic and tends to 0. Having w; € D(A), Vj and
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setting \; = uj_l, we have

ij = /\jw]-,j =1...0< ) < Ayl )\j — 00 as j — oo. (18)

The family w; is orthonormal in H, and orthogonal for a in V/,
(wj,wy) = 0, = the Kronecker symbol, a(w;, wr) = (Aw;, wr) = \jdjk, V5, k.

In particular, if a(u, v) = ((u,v)) is the inner product of V'

_ 1 )
((wj, wi)) = Njdjn,(wjwp)x = (A7 ws,wy)) = 3Ok, Vi k.
J
Here, A? is a self-adjoint unbounded operator in H with a dense domain D(A®) C
H, for every s > 0. The operator A? is injective and strictly positive. The space
D(A?®) is equipped with the inner product and the norm

(u, U)D(AS) = (A%, ASU),|U|D(A5) = {(uv U)D(AS)}I/Z (19)
which makes it a Hilbert space and A® is an isomorphism from D(A?) onto H. In
particular, letting s = 1, we have D(A) and for s = 1/2, D(A'/?) = V.

Defining D(A~*) be the dual of D(A?®), (s > 0) then A® is extended as an
isomorphism from H onto D(A~*). Moreover, D(A~*) can be equipped with the
inner product and the norm in (19) with s is replaced by —s. Finally, one can
denote an increasing family of spaces D(A°), s € R,

D(A®) C D(A®), Vs;ss €R, s1 > s).

The space is dense in the next one, the injection is continuous, and A%1~%2 is an
isomorphism of D(A®!) into D(A®2), Vsy, s, € R, s > . In the compact self-
adjoint case these operators and spaces can be characterized by making use of the
spectral basis of A. Here, for real and positive s, we have

oo
D(A*) ={ue H > N(u,w)* <oop, (20)
j=1
and for negative s, D(A?®) is the completion of H for the norm

1/2
~ /

Z A?S(u, w;)? . (2D

j=1
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The inner product and the norm of D(A®) in (11), for s € R, can also be written
as

[ee]

(u, U)D(As) = Z /\?S(u, wj) (v, wy), (22)
j=1
- 1/2
ulpiasy = § DA (wwy) b (23)
j=1
and for u € D(A®) we have:
(o]
Atu =3 X (s w;)w;. (24)
j=1

The detailed theory of the function spaces D(A),V, and H, as well as the op-
erators A and a are given in the references, e.g., [1] and [4].
The solution space of distributions can be expressed in the following form

W(0,T) = {glg € L* (0,T; Hy) ,g' € L*(0,T; H),
g eI? (O,T; Hgl)} . 25)
In this article we assume f,g € L™ (R+; L? (Q)z) with
|floo = |f|LOO(R+;L2(Q)2)’

19lo0 = |g|L°°(R+;L2(Q)2) :
The definition of the weak solutions for (9) can be stated in the the following

lemma.

Lemma 2.1 ([1]). Consider X be a given Banach space, X' is the dual and let v
and g be functions in L' (a,b; X). The following conditions are equivalent:
(i) v is a.e. equal to the primitive function of g, i.e., 3w € X with

t
v(t) =w+ /g (s)ds, fora.e. t € |a,b]. (26)
0
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(ii) For each test function ¢ € B (]a, b)) ,
/ d
[vwewi=-[stema (F0=%).

(iii) For every n € X/,

d
7 (v,m) = (g,m) (28)

onla, b| in the scalar distribution sense.

When the conditions (i)-(iii) are satisfied then g is said to be the (X — valued)
distribution derivative of v, and v is a.e. equal to a function from [a,b] into X
which is continuous.

Now we present a discrete Gronwall lemma which will be used in the sequel.

Lemma 2.2 ([2,21]). Let 7 > 0, n1, ny, ny be positive integers withny < n.,n; +
ny + 1 < ny, and v, My, and 9y, are positive sequences with

Wy, < Wy (L4 70p—1) + 70, forn =ny, ..., n, (29)

and with upper bounds

’ ’
SR < ar (s, 0 T, < ag (nayn)

!’
n=n

SR w, < ag (n, ) (30)

for any n satisfying ny < n <n,— ny, then we have

w, < (“*(”1”) +as (nl,n*)) exp (a1 (n1,n4)) 31)
TNy

for any n such thatn; +ny +1 < n < n,.

In the next section, we present the weak solutions by establishing the variational
formulation for a nonlinear coupled system of difference equation (9). Some re-
sults on the strong convergence of the sequences will be derived using the theorems
for compactness.
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3 Weak solution of the second order of accuracy difference scheme
generated by A2

In the present section, the theoretical results on the approximate solution of (8) will
be obtained for difference scheme (9) in the weak sense. Applying the variational
approach in the settings of the space of distributions, we will show that system
(9) converges to a weak solution and is unique. Note that, throughout this paper,
K;, K;, c;, d;, u; represent generic constants, which may have different values at
different places.

Definition 3.1. The mesh function sets {v} } and {w} } are called the approximate
weak solutions of (9) if ’UZ, w,}j e vh satisfy the weak formulation of (9). The
family of grid points (10) are used to present Hilbert space

Lon () = Lop (Qp) -

The following norm

L2
AN (32)

N
vkl L) = | D

j=1

is used in this space.

Now we present the main theorem on the weak solvability of (9). In the follow-
ing theorem solutions uﬁ and UZ of (9) are proved to be bounded.

Theorem 3.2. Consider a bounded open set Q@ C R" with f,g € L™ <R+; L? (Q)z)

and piecewise smooth boundary, vy € L* (Q), v(/) € H}(Q), then the solutions ul}

and UZ of (9) are bounded in the following sense:

2 2
i < el =cr=o...N, (33)
N-1 ) N-1 )
‘uﬁ“ B uZ’h =G ‘U’}“LH B Uﬁ’h =G )
k=1 k=1
N-1 N-1
2 2
Al S s e
— h 2B h ™ 20412

with 5 ) ) )
C = ’uh‘ +‘vh‘ +d ’uh, ’ +d ‘vhf ’
0, o, 5 |Uk—1], 6 |Vk-1|,
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T T
dy / 1 () ds + ds / 19 ()2 ds,
0 0

and By, P, i1, 2, ds, dg, d7, and dg are positive constants.

(36)

Proof. We need to prove that |u’,§|h , ||u’,§|| ,, are uniformly bounded. For that
purpose, we take the inner product of the equations in system (9) with 2ug; and

2v41, respectively and obtain

(UZH “Z?ZUZH) + (uf_y — uZ,Zqu)
_BITZ(V “272uk+1) +3 & 4(V4UZ+172UZ+1)
+7271(sin (5]]uk + 612vk) 2UZ+1)
allT[(“Z+172uk+l) (uf_y, 2uft )]
[(Uk+1’2uk+1) (’Ul}cl—l?zullz-&-l)} = (Tsz,ZUZH))
(UZH — v 20 ) + (vpy — v 20 )
(Vzvk,kaH) + 37 b 4(V4UZ+1’2UZ+1)
+727,(sin (52]uk + 522%) ZUZH)
+9 [(ufr g, 2030) — (wf_y, 2074)]
(Uk+1a20k+1) - (”Q—leUIZLH)] = (ngka 2UZ+1>~

04227'[

Using relations

b A2 2 2 h
(‘)0 - wa<}0>h - |90|h - |w|h + |§0 - w‘h 7v907¢ € Upy

and denoting A = — A, we obtain system

Juft il =l + |uk+1 ufly + (uhy 20l ) = (uf 2uf)
+Bim? (Auk,ZukH) 4(AZUZ+1’2“Z+1)
+72 (sin (611uf + 512Uk) 2ull )
allT[(uk+1’2uk+l) - (UZ—l’ZukJr])]
+Z alz[(vk+172uk+l) (UZ—UZUZH)] = (Tsz72u2+l)7
|Uk:+1’h E k:‘h + [vpy — ”2‘2 + (vp_ 208) — (v 200,)
+627 (Avazka) + ﬁlT (szl}clﬂvz”IZH)
+7272(Slﬂ (521uk + 522%) 2Uk+1)

am[(“kﬂyzvkﬂ) (“k—lazvkﬂ)]

(

v +172”k+1) - (Ul}clfhzvl}car])] = (729k721)1}3+1)~

OézzT [

(37

(38)
(39)

(40)
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Replacing the operator A with bilinear form (15), and rewriting the equations of
system (40) separately, we get

|UZ+1 ’h }uk|h + |“k+1 u2|2 +2f61a ((“Zv“ZH))
+%T (A2“k+17u2+1) = (Tsz,ZuZH) — QT (UIZL+17UZ+1)

41)
4T (UZ 1,u;;_s_l) —oT (uzﬂ,ugﬂ) + (a7 —2) (uz_l,uzﬂ)
+2(ug; ug ) = T (sin (Onug + i2vy) , 2ui )

and
2
|”1}§+1}h |“k ’h + }Ukﬂ UZ’h +2p2a ((”Zv”l}clﬂ))
+622 (szkﬂvvlicbﬂ) = (T29k72v2+]) — a7 (UZHWI?H) 42)

+ooiT (UZ—DUZH) — anT (Ul}slﬂv UIQLH) + (a7 = 2) (”Z—lv UI?H)

+2 (v, vjtyy) — 22 (sin (21w} + 0vy)  200,) -
In this step, since the operator A? does not have coercivity property, we need to
obtain an estimate for (A uk 1 Up +1) We will consider the spectral theory that

is presented in the last section above. We use the complete orthonormal family
of H, {w;} jeN consist of eigenvectors of A for equation (18). The family wy; is

orthonormal in H, and orthogonal for a in V. For every s = 2, A? is a self-adjoint
unbounded operator in H in a dense domain D(A?) C H. The operator A2 is
injective and strictly positive. The space

DAY ={ue H,Zx\?(u,wj)z < 0o
=1

is equipped with the inner product and the norm as

A2) = Z /\?(U’ w;) (v, wy),
j=1

. 12
[ulprazy = § D A, w;)? ;
j=1

and for u € D(A?) we can write
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Using these definitions and results of the spectral theory of the operators one can
write

2. h h h h h h
<A uk+lvuk+l> = <Auk+17Auk+1> = <)‘juk+17/\juk+l>
= /\fa ((UZH)“ZH)) , Vi, k,

and it follows

a ((UZHaUZH)) >N

Here, \; is the minimum of the eigenvalues and o is a positive constant.

Now we obtain a priori estimates that prove the nonnegativity and bounded-
ness of the components of equations (41),(42) of the system (37). We infer from
Poincaré inequality, the existence of a constant ¢; > 0, such that

2

i = %z =12Vl eVh.  @3)

h
Ukt 1 ‘
1

Ci

uZ’hg Huf,;Hh,iz 1,...,9,ul € Vh, (44)

(see, for instance, [1]) that will used in the sequel. We obtain the estimate

‘ (sin <(511U,Z + (512’[)]?) ,uZJr]) ‘ < ‘sin (511u2 + 512’02) ’ ‘uZJr]’

c 2 2 2 2
< % (avtonl (Jut + [t ) + 25l (Jo + o] )) - a9

Next we will use the coercivity estimate (14), spectral properties of the opera-
tor A and estimates (44), (45) in the proof. By the given estimates and classical
inequalities such as Cauchy Schwarz inequality, Young’s inequality, and triangle
inequality, and some simple identities together, inequalities

o5, = o+ Ly —

w287 ||+ Gt [l |

<277 | filoo |ty |h + 1 Jaar| M, (|U1f§+1 |i + |ui |}21)
4l My (Jof_y [y + ot |7)

+ [a17] |u’,§+1|i + % a7 — 2| Ms (|“271|i + N“ZH!?L)
0 (Jr + k)

72 e 100t 1M1 ([l + o [}

+72 71 fea| [812] Ms (Wﬂi + ‘UZH‘Z)

(46)
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and

[l = [0k, + ok — i

2B [0 [*+ Frtnn [l |

<272 |9 | oo ’”Z+1|h + % a1 7| Mb (|“Z+1‘2 + |vl}<:l+l‘l21)
+ [z 7| My (\Uz_lli + ’”Z+1|Z>

+ a7 ]vﬁﬂ\i + 3 lanT =2 Mg (”"1@—1’;21 + |Ul}cl+l’i)
05 (Jof[5 + [ ]5)

+72 byl feal 1621] Moo ([ [} + o[}

+72 ol eal1822] Mo ([of ] + o} [7)

hold. By estimate 44 (see, [1]) inequalities

and

N e T R R

2By [l [P+ Srto [l |

< 27%, (il [l + o My (ol |2+ a2
+3 || Ma (’”Z—l’i + |“Z+1|i) + lanT| ’uZHﬁL

+3 anT —2| M; (Wi_l‘i + |“Z+1|2)

M ([l + k]

+72 71| |ea] [611] M E\“Zﬁl + |U}13+1|2§

+72 71| |ea] [612] M \02|2+|U2+1’i

‘UZH}}ZI - ‘Umi + [v — UZ’i

12B2p127 || |* + B ol |

< 27263 gkl [[Vis [l + 7 l0217] Mg <|“Z+1 |i + vk |i)
+5 loai7| My (|“271|i + Wiﬂﬁ) + |az| |”Z+1|i

+3 JaaoT — 2| My (|U1}371|i + |UZ+1|i)

05 (Jof 5 + [ofa )

+72 |72 leal [821] Mg E|“Z|2 + |v2+1|i§

+72 || leal [822] Mo ([0 ]2 + |of 1]

47)

(48)

(49)



60

0. Yildirim

hold. Using the Holder inequality, we get

and

o = o+ s =+ 28072 o
8
et < [+ 3 LA

+% loiaT| My |Ul}cl+1|121 + |UZ+1|i21

+3 |anT| M, Mcllﬁl + |“Z+1|i

+lanr] [uf, [, + 4 o =2 M

< (oo + e ) + Mo (ks + ] )
72 I eal 11| Ms ([ + !u’lzmi;

+72 |71 |ea] [612] M |”1}§}i + ‘“Zﬂ‘i

ol = [0k + foky = ek, + 28007 ol
2 2 8
+ 3 m [l I7 < 5 (ol [ + s okl

K s 5 Bamn
+% laz17| Me |u53+1 }h + |UIZL+1 {h

+1 oo 7| My |U271|i + |Uﬁ+1|i + |7 |UZ+1|i
+1 |azoT — 2| My (|vl}371|;21 + |“1}§+1|i)

+ My ([ulfy + [ohah)

+72 bl el 1821] Mo ([uf 3 + [0

+72 |72 4] [ 22| Mg (Wzﬂi + ’”z}iﬂﬁg :

Collecting the like terms of equations (50), (51) respectively, we get

A R

+28um7 [P < S0 il + (4 fonar| M,y

+3 || My + lanT| + 3 |lant — 2| Mz + My
+72 I ezl 611 Ms + 7% [ [eal |612] Ms) [l |
+3 o — 2| M3 ‘UZ—lﬁz

+ (Ma + 72 I |ea] |11] Ms) Juf]

+% || My |v,’§+1 |i + % loio7| M |UZ—1 |2

+72 Il feal [81a] Ms [of];

(50)

(D

(52)
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and

|”Z+1|h |Uk|h + |Uk+1 ”Zﬁl

+2Ba 4127 HvZH < 58;;’2 |9k [% + (% o 7| Mg
+5 + 1 an 7| My + lap 7| + % lagT — 2] Mg + Mo

—~ - 2
+72 [yl eal [621] Mo + 7 72| [c4] |02 Mm) lvp |,

I o loh |2 ©3)
+§ |Oé227' - 2| Mg }kal |h

—— — 2
+ (M5 + 72 el fes] 6221 M) [of
— 2 — 2
+% |1 7| Mg |uzil,|h + %2|a217| M5 |uz_1|h
+72 [yl leal 1621 ] Mo |u]; -

Denoting the coefficients
Ki = 3 |oot| My + % |ant| My + |an 7| + § |onT — 2| Mz + My
+72 Il leal |11 Ms + 72 I | [ea| [812] Ms

1
K>, = E |Ck117' —2|M3,K3 = M4—|—T2 |’yl| |Cz‘ |(511|M5

1 1
Ky = 3 || My, Ks = 3 |aio7| My

Ko = 7% |71 |c2| |612] Ms

for equation (52), and
K1 = Yaar| M + L jaair| My + |anT| + L ez — 2| Mg
+Mo + 72 2| |ea] 1621] Mo + 72 |72 [e4] [822] Mo
-1 I N
K, = 3 lanyT — 2| My, K3 = Mo + 7% |72 |ca| |022] Mo
-1 — - N
Ky = 3 |21 7| M, K5 = 3 |ao1T| M7
Ko = 7% |2 |ea| [21] Mo
for equation (53), we get

o[ = Tkl + T = w2817 [l

< 34 2 54
< am | frl2e + K ’uk+1|h+K2|“k 1|h+K3 |ukl, (>4

+K4 ‘Uk+l}h + Ks |vp_ 1|h + Ko ’vl}”h
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and 2 2 2 2
|vk+1|h |UIZ|h+ |v1}cl+1 h|h+2/82'“272||“l?”

< ;;;2 |gk| + K }vk—&-l’h_'—KZ‘vk 1‘h+K3 ’v,};‘h (55)

+Ky ‘“kﬂ}h + K5 |uk—1|h + Kﬁ }u’,ﬂh

Taking the sum of (54) and (55), and using the inequalities presented so far, we get

|UZ+1}h |“k|h+|“k+l “Z|i+2|”1}cb+1|h |Uk|h+|vk+l UIZL‘i
+2B1 72 Hu’,;|| + 2Bapa7 |||

- 581(:7;1 |fk| + /32772 [z | + (Kl +K4) |uk+1|h (56)
(Kt B ) ol [y + (B K ) Jul_y 7+ (s + K2) [ofy )

(B + Ko ) [y + (Ko + K3 ) [of-

By dropping some positive terms we rewrite the system as follows

2 2
[, — [kl + |Uk+i|h v k|h = ;107;1 | Fila
—|—§zc,’;2 2+ (K1 + K4) |uk+1‘h + (K3 + Ko — 251/‘172> |“Zﬁz (57)

(Ko Bs) e[+ (K4 K ) ol
+ ( K¢ + f(3 — 2ﬁzu2T2) "Umi + (Ks + I?z) |UZ_1 }}ZL .

We apply Gronwall lemma for (57) by letting |u2+1 |}21 =&, (and &n = |v,@+1 |2> .
The assumptions of Lemma 2.2 are satisfied since there exist upper bounds such
that

(K3 + Ko — 251#172) < ap(ni,ny), (Kz + f(s) < az (ng,ny),

(K1 + f~(4) <az(ni,ny), (K6 + K3 — 252#272) <a (ni,ng),

(Ks + f(z) < ap (ng,ny), (K4 + f(l) < a3 (ng,ny).

Thus by the Gronwall lemma the following inequality

2 2 az (n1, N
[} b, = (2 s (1) ) exp an 1)

+ (W + @ (m,n*)> exp (a1 (n1,7m4)) 8
™y
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holds. Next, adding inequality (56), fromk =0,..., N — 1, we get

h |2 hi2 NS n2 NS R|2
|ukel, + ok, + k; lui ) — upl, + kz::l [viey = vil,

N—1 N-1
+2un? [kl + 28opr? 3 et

2 N—1 2 N-—1
< |u3!i+|v8|i+§ﬁ;l = 1kl +an P
k! (59)
(K1+K4) |uk,+l|h (Kt B)'S bl

k=1
N—1

(Kz-l-Ks) ’uk 1|h (KS"‘IN(?) kz_: |”Z—1’h

~ N\ N-1
(K Re) X Nl + (Ko Ra) S Dk
=1

Using estimate (44) the following inequality

R |2 ni2 NS n2 NS n|2
|uN|h+|vN}h+ Z |“k+1 _uk|h+ Z |Uk+1 —”k|h
+d1 Z H“Z||h+d2 Z ||U1}€L|| +d3 ’uk+1|h+d4|vk+1‘h (60)
= }“g|h+ |U3|h+d5 |uk 1}h+d6 |”k 1|h

+72d; Z | fil2 + 72ds Z |9k |2
k=1 k=1

is obtained. Here,
= (25172M1 —¢s (Ks + f{())) sy = (25272% — ¢ (Ke + lNQ)) ;

dgz—(K1+I~(4>,d4=—(K4+f~f1)d5= (Kz-l-f(s),

801 8c§

do = <K5 +I~{2) b= Bim T B

We refer to [1] for the useful inequality

2

—1

e
Il

1

T
fel / 1f (s)ds. 61)
0

The initial u is the orthogonal projection of u{ onto V" in L? (Q). By this we
have (see, [1])
[ < luol , V. (62)
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Similar is true for v(’)’. Making use of estimates (61) and (62) it follows that the
right hand side of (9) is bounded by

T T
2 2
€ = fuf* + uof +ds [up o[} +do ol o[} +r [ 1 ()P ds+ds [l (o) ds.
0 0

This proves (34) and (35). Next adding the inequalities (56) for k = 0,...r — 1,
dropping some positive terms, we get

2

2
h h
+vrh

Uy

2 2 ! =
B P s
k=1 k=1

Using this result and estimate (58) we prove (33). Hence, Theorem 3.2 is proved.
Next theorem states that the set of mesh functions {ug} and {v,’;} are compact
in Ly, (Q) topology.

Theorem 3.3. Let the hypotheses of Theorem 3.2 are satisfied. Then there exist

subsequences
{uzm} C {UZ} and {vﬁm} C {UZ}

which converge in Vi, to bounded measurable functions u" and v", respectively.
Moreover, the limit functions u" and v" are unique weak solutions satisfying (9).

Proof. Estimates (33), (34),(35), and Discrete Gronwall Lemma (see, [21-23])
imply that
{ul'} and {v}'} are bounded in L>(0,T; V).

Then, by the Rellich Theorem [4] there exists a subsequence wy,, = [ug,,,, vkm]T
of wy, = [ug, v]” and W eL>®(0,T; V) such that

WreL®(0,T;V) C L*0,T;V
and
Wy, — Wy, weak star in L°°(0, T;V and weakly in L* (0,T;V) . (63)
By the Aubin Compactness theorem [16], the above convergence results imply
Wy, — Wy strongly in L*(0,T;H) (64)

and by (64),

sin 6wy, — sin 0Wy, strongly in L?(0, T; H).
which proves the existence of wy, a.e. in H and Wy = wyp. Uniqueness follows
from the results of Theorem 3.2 and convergence of difference scheme (9). Hence,
Theorem 3.3 is proved.
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4 Numerical Analysis

In this section, we verify the theoretical statements that are proved above by nu-
merical experiments. A unified numerical method based on the fixed point itera-
tion and finite difference schemes will be used. We aid the nonlinearity using the
fixed point method. Fixed-point iterations are utilized to overcome the difficul-
ties arising from the nonlinear source term. We introduce a composite numerical
method to obtain accurate results for the solution of a system of PDEs with initial
and boundary conditions for the coupled sine-Gordon equations. We consider the
function

w(t,x) = {u(t,z),v(t,z)},

u(t, x) = costsinmz, v(t, z) = cos 2t sin Tz

being the solution and using this function we formulate a mixed boundary value
problem that leads to this solution. We consider the following problem for the
system of sine-Gordon equations

2cost — sin t) sin Tx

utt+ut_uzz+u:(77
— sin(cos t sinmax — cos 2t sinzx) + sin(u — v),
0<t<1,0<z<l,
Vit + V¢ — Ve +V = ((772 — 3) cos 2t —ZsinZt) sin Tx
— sin (cos ¢ sinmx — cos 2t sin wz) + sin(u — v),
0<t<l,0<z<1,

x) =sinmz,u (0,2) =0, 0 <z < 1,
0,z) =sinmz,v(0,2) =0, 0 <z <1,
t,0) = u(t, ) 0,0<t<1,
£,0) =v(t,1)=0,0<t<I.

(65)

u

>4

o,
(
u(
(

(

The modified Gauss elimination method is used to solve the difference scheme
(66) corresponding to the approximate solution of (65). The family of grid points
is

Qp =10,1]; x [0,1]y, = {(tg,xn) : tx = k7, 0 <k <N,

Nt =1,2, =nh,0<n<M,Mh=1}
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1s used for the difference scheme

k+1 k—1 k

. k—1 k k
pubt —2,uf+pun 4 opUnT —pUn PUn 1~ 2pUnTply + uk
2 27 2 P ¥n
k+1 k+1 k+1 k+1 k+1
+L2P“n+2_4pun+1+6pun —4pUpn 1 tpUn s sin( uk — ’l)k)
1 he - p¥n P "n

+ (772 costp — sin tk) sin wx
— sin (cos ty sin wx,, — cos 2ty sinwxy,) ,

. . k—1 . k—1 k k k
pURT 2,0k 40 b+l g PUp i —2pln +pl

Un —1 k
T2 + = 2Tp - h2 - +p Un
k+1 k+1 k+1 k+1 k+1
T2 pvn+2_4ﬁvn+l+6lﬂvn _4ﬁvn—1+l)vn—2 ol k k
+T X - Sln(pun -p Un)
+ ((7* = 3) cos 2ty — 2sin2t,) sin (rxy,)
— sin (cos ty sin wa, — cos 2ty sinwxy,) , (66)

tr=kr,1<k<N-1, N7t =1,2, = nh,
1<n<M-1,Mh=1,

pud =sin(rx,),1 <n< M -1,

2! (—3pu(T)L () + dpup, (n) —p Uz, (zn)) =0,
1<n<M-—1,00=sin(rr,),1 <n <M -1,
@2 (_317”2 (€n) + 4pvy (2n) —p vy (xn)) =0,
l<n<M-—1,

pulg =p u]f\/f :O,pvlg =, vﬁ/f =0,0<k<N.

For different V, M values we present the errors, iteration numbers, and related
CPU times in the following tables. MATLAB R2021b software package, by a PC
System of 64 bit, Core i5 CPU, 1.80 GHz, 8 GB of RAM is used for numerical
experiments. We use the following formula

k k

max max u(tp, xn) —u max v(tp,xp) — v

uv | 1<k<N—1 (b 2n) = up T 1<k<N-1 (b 2n) = vn
12n<M—1 12n<M—1

to compute errors. The computation is carried our for m = 1,2, ..., p, which p
depends on a stopping criterion also called error tolerance ¢ such that

lptn —p—1 Up| < € and |pv, —p—1 vy| < €.

Here m index represents the number of fixed point iterations. We denote the exact

solution of problem (65) by w (tg, ) = [u (tk, Tn) , v (tk, xn)]T and the approx-

. . T S .
imate solution by w¥ = [uﬁ, v,’i] . The results of numerical implementations are
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presented in tables below.

Table 1. Results for problem (66)
N =M | Errorof w | m | CPU times

20 0.0041 9 0.443
40 0.0011 10 1.202
80 0.00028 | 10 5.382

160 0.000071 | 11 69.039

Table 1 gives the errors for the solution of (66), with a terminating criteria ¢ =
10~15. The initials

N—-1 .
ouk = [”J]z‘,jzl’ r;.; ~ Uniform(0, 1), (67)
Ovﬁ = In+1, where Iy is the identity matrix (68)

where (67) is random matrix and (68) is a identity matrix are used.

Table 2. Results for problem (66)
N =M | Errorof w | m | CPU times

20 0.0041 10 0.504
40 0.0011 12 1777
80 0.00028 | 12 6.425

160 0.000071 | 13 59.190

Table 2 presents the errors for the solution of (66), with terminating criteria ¢ =
1020, Here, the initials are

N-1 .
oul = [rivj]i,jzl’ 73, ~ Uniform(0, 1),

ovk = Oy, (69)

where (69) is the zero matrix.

Table 3. Results for problem (66)

N =M | Errorof w | m | CPU times
20 0.0041 9 0.485
40 0.0011 10 1.223
80 0.00028 | 11 5.899
160 0.000071 | 12 49.307
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Table 3 gives the errors for the solution of (66), with ¢ = 1029, In the iteration,
the initials are taken as the identity matrices of the form

oul =g vk = In.1. (70)

Difference scheme (66) is used together with fixed point iteration to obtain nu-
merical solutions. Difference scheme (66) converges for different N = M values,
initial vectors gv¥, gwk, termination criteria ¢ in different iteration numbers m.
When reaching the maximum difference value at specific grid points of two suc-
cessive results yields less than e, the iterative process stops. Note that when initials
ov’n‘:, owﬁ in (67), (68), (69), (70), and ¢ are varied, iteration numbers, and CPU
times increase until the error becomes very small for some N = M values.

5 Conclusion

In this work existence and uniqueness of weak solutions for the coupled system
of finite difference schemes corresponding to the coupled sine-Gordon equations
are studied. The existence and uniqueness of the solutions are proved using the
variational methods. A numerical method that uses the second order of accu-
racy unconditionally stable difference scheme (9) with the fixed point iteration is
presented. The theoretical statements are verified by numerical experiments with
Matlab implementations.

Acknowledgments

We thank Prof. Dr. Allaberen Ashyralyev for all his support so far. This paper is
part of the project COST CA21169 Information, Coding, and Biological Function:
The Dynamics of Life (DYNALIFE) and was supported by a grant from this COST
Action.

Bibliography

[1] R. Temam, Navier-Stokes Equations Theory and Numerical Analysis, North-Holland
Pub. Company, 1977.

[2] R. Temam, Infinite-Dimensional Dynamical Systems in Mechanics and Physics: Ap-
plied Mathmatical Sciences 68, Springer-Verlag, 1997.

[3] R. Temam, Navier-Stokes Equations and Nonlinear Functional Analysis, CBMS-
NSF Regional Conference Series in Applied Mathematics, SIAM, Philadelphia,
1995.

[4] R. Dautray and J. L. Lions, Mathematical Analysis and Numerical Methods for Sci-
ence and Technology: Volume 2, Functional and Variational Methods, Springer-
Verlag, 1992.



Weak solutions of unconditionally difference scheme 69

(10]
(11]

[12]

[13]

[14]

(20]

(21]

(22]

L. C. Evans, Weak convergence methods for nonlinear partial differential equations,
CBMS Regional Conference Series in Mathematics, American Mathematical Soci-
ety, 1990.

L.C. Evans, Partial Differential Equations, American Mathematical Society, 2010.

T. Kato, Perturbation Theory of Linear Operators. Principles of Mathematical Sci-
ences, Springer-Verlag, 1976.

K. Yosida, Operational Calculus: A Theory of Hyperfunctions, Springer-Verlag New
York Inc., 1984.

C. Hilbert, R. Hilbert and D. Hilbert, Methods of Mathematical Physics. 1., Inter-
science Publ,- XV, 1966. New York.

F. Riesz and B. Sz. Nagy, Functional Analysis, Ungar, New York, 1955.

S. Larsson and V. Thomee, Partial Differential Equations with Numerical Methods,
Springer Science & Business Media, 2003.

K. R. Khusnutdinova and D.E. Pelinovsky, On the exchange of energy in coupled
Klein-Gordon equations, Wave Motion 38:1 (2003), 1-10.

S. Nakagiri and J. Ha, Coupled sine-Gordon equations as nonlinear second order
evolution equations, Taiwanese J. Math. 5:2 (2001), 297-315.

S. Nakagiri and J. Ha, Existence and regularity of weak solutions for semilinear
second order evolution equations, Funkcial. Ekvac. 41:1 (1998), 1-24.

J. Smoller, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, 1994.

J. P. Aubin, Un théoremé de compacité, C. R. Math. Acad. Sci. 256 (1963), 5042—
5044.

E. Zeidler, Nonlinear Functional Analysis and Its Applications 1I/B: Nonlinear
Monotone Operators, Springer-Verlag, 1990.

A. Ashyralyev and P. E. Sobolevskii, A note on the difference schemes for hyperbolic
equations, Abstr. App. Anal. 6:2 (2001), 63-70.

A. Ashyralyev and P. E. Sobolevskii, Well Posedness of Parabolic Difference Equa-
tions, Birkhéauser-Verlag, 1994.

A. Ashyralyev and P. E. Sobolevskii, New Difference Schemes for Partial Differential
Equations, Operator Theory:Advances and Applications, Birkhduser-Verlag, 2004.

F. Tone and D. Wirosoetisno, On the long-time stability of the implicit Euler scheme
for the two-dimensional Navier—Stokes equations, SIAM Journal on Numerical Anal-
ysis 44:1 (2006), 29-40.

F. Tone, On the long-time stability of the implicit Euler scheme for the 2D space-
periodic Navier-Stokes equations, Asymptotic Analysis 51 (2007), 231-245.



70

0. Yildirim

(23]

(24]

(25]

(26]

(27]

(28]

[29]

(30]
(31]

(32]

(33]

[34]

[35]

E. Emmrich, Discrete versions of Gronwall’s lemma and their application to the nu-
merical analysis of parabolic problems, Preprint Reihe Mathematik, TU, Fachbere-
ich 3, 1999.

A. Ashyralyev and O. Yildirim, On multipoint nonlocal boundary value problems
for hyperbolic differential and difference equations, Taiwanese J. Math. 14:1 (2010),
165-194.

O. Yildirim, On the unique weak solvability of second-order unconditionally sta-
ble difference scheme for the system of sine-Gordon equations, Nonlinear Analysis:
Modelling and Control 29:2 (2024), 244-264.

Q. F. Wang, Numerical solution for series sine-Gordon equations using variational
method and finite element approximation, Appl. Math. Comput. 168:1 (2005), 567—
599.

D. Pham and R. Temam, Weak solutions of the Shigesada-Kawasaki-Teramoto equa-
tions and their attractors, Nonlinear Anal. 159 (2017), 339-364.

O. Yildirim and M. Uzun, Weak solvability of the unconditionally stable difference
scheme for the coupled sine-Gordon system, Nonlinear Analysis: Modelling and
Control 25 (2020), 1-18.

M. Ashyraliyev, On Gronwall’s type integral inequalities with singular kernels, Filo-
mat 31:4 (2017), 1041-1049.

L. V. Yakushevich, Nonlinear Physics of DNA, Wiley-VCH, 2004.

O. Yildirim and S. Caglak, Lie point symmetries of difference equations for the
nonlinear sine-Gordon equation, Physica Scripta 24:1 (2019).

Y. Huang and L. Wei, Second-order statistics of fermionic Gaussian states, J. Phys.
A: Math. Theor. 55:10 (2022).

S. Roman, A. Stikonas, Green’s function for discrete second-order problems with
nonlocal boundary conditions, Boundary Value Problems 2011:1 (2011).

Y. Wei, S. Shang and Z. Bai, Applications of variational methods to some three-
point boundary value problems with instantaneous and noninstantaneous impulses,
Nonlinear Analysis: Modelling and Control 27:3 (2022).

A. Hocquet and M. Hofmanové, An energy method for rough partial differential
equations, Journal of Differential Equations 265 (2018), 1407-1466.

Received November 15, 2024; revised December 22, 2024; accepted December 30, 2024.

Author information

Ozgur Yildirim, Department of Mathematics, Yildiz Technical University, 34220,
Istanbul, Tiirkiye & Department of Mathematics, Bahcesehir University, 34353, Istanbul,
Tiirkiye.

E-mail: ozgury@yildiz.edu.tr


mailto:ozgury@yildiz.edu.tr

