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Abstract. In this manuscript we present the influence of cross diffusions on incompress-
ible natural convection laminar flow between concentric cylinders with slip and convective
boundaries. In addition, the first order chemical reaction is also considered. The govern-
ing equations with boundary conditions are transformed to a non - dimensional form with
suitable transformations. Homotopy Analysis Method (HAM) is used to solve the system
of equations. The influence of the various parameters like Slip, Dufour, Soret, chemical
reaction parameters and the Biot number on velocity, temperature and concentration are
investigated and presented through plots. It is found from this study that the influence of
slip parameter and Biot number, the velocity and temperature profiles increase, while there
is a reverse tendency under the effect of chemical reaction parameter.
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1 Introduction

Free convection flow with heat and mass transfer in a circular annulus has an in-
credible significance in various fields [1–4]. In view of applications, Ha and Jung
[5] studied three-dimensional conjugate heat transfer of free convection and con-
duction in a differentially heated cubic enclosure within which a centered heat-
conducting body generates heat numerically. The influence of chemical reaction
on free convection from vertical surfaces in porous media considering Soret and
Dufour effects has been contributed by Postelnicu [6]. Sheikholeslami and Sham-
looei [7] simulated the natural convection heat transfer in a cavity with sinusoidal
wall filled with CuO - water, numerical simulation and Fe3O4 − H2O nanofluid
in the presence of magnetic field. Most recently, Mehryan et al. [8] investigated
the conjugate natural convection of nanofluids inside an enclosure filled by three
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layers of solid, porous medium and free nanofluid using Buongiorno’s and local
thermal non-equilibrium models.

Normally, Soret and Dufour effects are assumed to be negligible in problems re-
lated to double diffusive convection. In addition, homogeneous and heterogeneous
reactions exist in many chemical reactions. For the past literature and applications,
one can refer the work of Ramkissoon and Majumdar [9]. In view of the signif-
icance, Ibrahim et al. [10] studied the impact of Soret and chemical reaction on
free convection non-Newtonian fluid with yield stress. Makinde et al. [11] stud-
ied the chemically-reacting hydromagnetic boundary layer flow with Soret/Dufour
effects and a convective surface boundary condition numerically. Srinivasacharya
and Kaladhar [12] presented the nature of couple stress fluid in a vertical chan-
nel under the influence of cross diffusions and chemical reaction. Nagaraju et al.
[13] presented the effects of Soret and Dufour, chemical reaction, Hall and ion
currents on magnetized micropolar flow through co-rotating cylinders. The anal-
ysis of heat and mass transfer in a natural convection flow of nanofluid over a
vertical cone with chemical reaction has been carried out by Reddy and Chamkha
[14]. Recently, Jain and Choudhary [16] investigated the Soret and Dufour effects
on thermophoretic MHD flow and heat transfer over a non-linear stretching sheet
with chemical reaction. Most recently, Nagaraju et al. [15] explained the second
law analysis of flow in a circular pipe with uniform suction and magnetic field
effects.

In this article, the free convection flow in an annulus with Navier slip condi-
tion [17–19] and convective boundary condition [20–23] has been studied along
with cross diffusions and first order chemical reaction. Homotopy analysis method
(HAM) [24–28] has been applied to get the solution of the present system. The
survey clearly showed that the combined effects with slip flow condition and the
convective boundary with cross diffusion in an annulus region have not been re-
ported by any researcher. In view of its significance, the authors are motivated to
take this problem. Finally, the variation of flow components with respect to the
emerging parameters were discussed.

2 Formulation of the problem

We assume a steady flow through two concentric cylinders of radii a and b (a < b).
The flow is laminar and incompressible. A cylindrical polar coordinate system
(r, ϕ, z) has been chosen and the common axis for both cylinders is z (as shown
in Fig. 1). The rotating velocity of the outer cylinder is Ω as the inner cylinder is
at rest. The rotation of the outer cylinder leads to the generation of the flow. The
fluid flow depends on r only because the flow is fully developed. Both cylinders
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Figure 1. Classical representation of coordinate system

were considered with convective and slip boundary conditions. In addition, all the
properties of the fluid are considered to be constant except for the density in the
buoyancy term of the balance of momentum equation. Thus we have the following
equations:
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Here, α′ is the slip length of the cylinders, s1 is the convective heat transfer co-
efficient of the inner cylinder and s2 is the convective heat transfer coefficient of
the outer cylinder, Ta and Tb are the ambient temperatures, Ca and Cb are the
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concentrations. Let u, v, w be the velocity components in x, y and z direction re-
spectively, g∗ is the gravity, Kf is the thermal diffusivity, ρ is the density, K1 is
the chemical reaction coefficient, Cs is the concentration susceptibility, Cp is the
specific heat, µ is the viscosity, βT is the thermal expansion, βC is the solutal ex-
pansion, Dm is the mass diffusivity, Tm is the mean fluid temperature and KT is
the thermal diffusion ratio.

Introducing the following similarity variables

r = b
√
λ, u =

Ω√
λ
f(λ), T−Ta = (Tb−Ta)θ(λ), C−Ca = (Cb−Ca)θ(λ), (6)

substitute in equations (2) - (4), we get the governing dimensionless equations as

4
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3 Solution of the problem

The initial approximations of the velocity (f(η)), temperature (θ(η)) and concen-
tration (φ(η)) are chosen for HAM solutions as:

f0(λ) =
(−bλ0

√
λ0) + b(

√
λ0 + 2α)λ√

λ0(1− λ0) + 2α(1 + λ0
√
λ0)
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2(
√
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, φ0(λ) =
λ− λ0

1− λ0

and the auxiliary linear operator is

L1 =
∂2

∂η2 such that L1(c1η + c2) = 0, (11)

where c1 and c2 are the arbitrary constants. h1, h2 and h3 (control parameters of
the convergence) are introduced in zero-order deformations.
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Figure 2. The h curve of f(λ)
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Figure 3. The h curve of θ(λ)
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Figure 4. The h curve of φ(λ)
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The zero-order deformations; N1,N2 andN3 are non-linear operators; the aver-
age residual errors of f, θ and φ are considered as explained in the work of Kalad-
har and Komuraiah [27]. h-curves are plotted with Re = 2, P r = 0.71, Sc =
0.22, Br = 0.5, GrT = 4, GrC = 4, Sr = 0.5, Df = 0.5,K = 0.5, α =
0.1, Bi = 0.5, b = 1 for the optimal values of h1, h2 and h3 and are shown in Figs
2-4.

The admissible values of h1, h2 and h3 are evaluated as -0.34, -0.38, -1.34 re-
spectively with the average residue errors (as explained in [27]) shown if Figs. 5-7.
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Figure 5. The average residual
error of f(η)
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error of φ(η)

Finally, the convergence of the series solutions is shown in Table 1.



Influence of cross diffusions on natural convection flow 59

Table 1. Convergence of HAM solutions for different orders of approximations

Order f(0.625) θ(0.625) φ(0.625)

1 0.648787224 0.457261752 0.635687273
5 0.657163170 0.535762239 0.658236508
10 0.661828293 0.577323221 0.659072403
15 0.664098053 0.600093591 0.659047762
20 0.665556247 0.614893492 0.658011176
25 0.666587815 0.625409968 0.658987653
30 0.667359042 0.634628883 0.658987238
35 0.667490178 0.634629116 0.658987368
40 0.667490183 0.634629122 0.658987369
45 0.667490345 0.634629171 0.658987367
50 0.667490416 0.634629181 0.658987368

4 Results and Discussion

The profiles of velocity (f(λ)), temperature (θ(λ)) and concentration (φ(λ)) are
computed and presented through plots in Figs. 8 to 20 with different values of
Bi, α, Sr,Df ,K. Calculations were carried out by fixing the parameters Re =
2, P r = 0.71, Sc = 0.22, Br = 0.5, GrT = 4, GrC = 4, b = 1 to analyze the
effects of the emerging parameters Bi, α, Sr,Df and K.

Figures 8-10 show the impact of Soret number (Sr) on f, θ and φ at α = 0.5,
Bi=0.5, Df=0.5, K=2. It is shown from Fig. 8 that as Sr increases, the veloc-
ity of the fluid decreases by 16%. Since the values of Sr increase due to either
decrease in the temperature difference or increase in the concentration difference.
Therefore the velocity profiles decrease with the increase of the Soret number, i.e.,
the lowest peak of the reverse flow velocity compatible with the highest Soret pa-
rameter. It is seen from Fig. 9 that the temperature of the fluid diminishes by 24%
as Sr increases. This is due to the flow heating vigorously with the decrease of the
Soret parameter. It can be seen from Fig. 10 that the dimensionless concentration
increases by 10% with the increase of Soret number. This is because of tempera-
ture gradients contribution to diffusion of the species. The present analysis shows
that the flow field is appreciably influenced by the Soret number.

The impact of Df on f, θ and φ can be seen in Figs. 11 to 13 at α = 0.5,
Bi=0.5, Sr=0.5, K=0.5. It is clear from Fig. 11 that the velocity diminishes by
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Figure 8. Soret effect on f(λ)
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Figure 9. Soret effect on θ(λ)
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Figure 10. Soret effect on
φ(λ)

10% as Df increases. Since the values of Df increase due to either an increase
in the temperature difference or decrease in the concentration difference, i.e., the
lowest peak of the flow velocity compatible with the highest Dufour number. It is
seen from Figs. 12-13 that the temperature of the fluid diminishes by 50% and the
concentration of the fluid increases by 5% with an increase in Df .

Figure 14 represents the influence of the chemical reaction parameter on the
velocity profile f(η) at α = 0.5, Bi=0.5, Sr=0.5, Df=0.5. It is seen from Fig. 14
that the velocity of the fluid increases by 10% as K increases. The impact of the
chemical reaction parameter on the temperature profile can be found in Fig. 15.
It is seen from Fig. 15 that the temperature of the fluid increases by 37% with an
increase in K. Fig. 16 depicts the effect of the chemical reaction parameter on the
concentration profile. These results clearly disclose that the flow field is decreased
by 4% with the chemical reaction parameter. The higher K will decrease the
concentration species.
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Figure 11. Dufour effect on
f(λ)
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Figure 12. Dufour effect on
θ(λ)
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Figure 13. Dufour effect on
φ(λ)

The effect of the slip parameter α on f and θ can be seen in Figs. 17-18 at
K = 0.5, Bi=0.5, Sr=0.5, Df=0.5. It is noticed from Fig. 17 that the flow
velocity increases by 43% with an increase in α. It is seen from Fig. 18 that the
temperature of the fluid increases by 12% as α increases since the fluid friction
decreases. The influence of Biot number Bi on f and θ can be seen in Figs. 19-20
at K = 0.5, α=0.5, Sr=0.5, Df = 0.5. Physically, Biot number is expressed as
the convection at the surface of the body to the conduction within the surface of
the body. Here we have assumed the convective heat transfer coefficients (s1, s2)
are the same at the inner and outer cylinders, i.e., Bi1 = Bi2 = Bi. It is seen
from Fig. 19 that the velocity of the fluid increases by 8% with an increase in
Biot number. It is seen from Fig. 20 that an increase in Biot number leads to 43%
increase in the temperature of the fluid.
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Figure 14. Chemical reaction
effect on f(λ)
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Figure 15. Chemical reaction
effect on θ(λ)
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Figure 16. Chemical reaction
effect on φ(λ)

5 Conclusion

This study considered the steady natural convection flow of a Newtonian fluid in
an annulus in the presence of cross diffusions and chemical reaction effects with
Navier slip under convective boundary. Homotopy Analysis Method is used to
find the final dimensionless governing equations. The significant conclusions are
summarized as:

• Velocity and temperature profiles decrease whereas the concentration profile
increases with an increase in Sr.

• The presence of Dufour parameter leads to decreases in the dimensionless
temperature and velocity of the fluid but increases the concentration of the
fluid.
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Figure 17. Slip parameter α
effect on f(λ)
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Figure 18. Slip parameter α
effect on θ(λ)
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Figure 19. Effect of Biot num-
ber on f(λ)
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Figure 20. Effect of Biot num-
ber on θ(λ)

• The velocity and temperature profiles increase while the concentration of the
fluid decreases with the increase in the chemical reaction parameter.

• The flow velocity and temperature of the fluid increase with the increase of
the slip parameter.

• The presence of the Biot number leads to an increase in velocity and temper-
ature of the fluid.
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