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About one problem of optimal control
synthesis
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Abstract. This paper tackles the problem of characterizing the natural class, or
Riccati rule space, of solutions to a specific e quation. D espite t he significant the-
oretical and practical implications, there is limited research exploring the appli-
cation of spectral decomposition of non-self-adjoint differential o peratorst o ex-
plicitly solve this nonlinear Riccati equation. Therefore, investigating operator
Riccati equations holds potential to validate the dynamic programming method
and address the synthesis problem.
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1 Introduction. Formulation of the problem and Bellman
equation

Numerous works have been published on optimal control of systems with
distributed parameters and several monographs have been published (see
the bibliography in [1]). Nevertheless, today one of the pressing problems
is the justified application of known optimal control methods to problems
of optimal control of systems with distributed parameters. It should be
noted that in practice, to solve the problem of synthesizing optimal control
in systems with distributed parameters, the dynamic programming method
has found wide application. It is known that the problem of synthesizing
optimal control with a minimum of a strictly convex quadratic functional
for a linear equation of a controlled object leads to the solution of the
nonlinear operator Riccati equation. The importance and necessity of a
complete study of this equation is dictated by the practical applicability of
this equation [1,2]. One of the research problems is to determine the natu-
ral of class-the natural class, that is, the Riccati rule space of solutions to
this equation. We know little of the work devoted to the application of the
spectral decomposition of non-self-adjoint differential operators to the ex-
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plicit determination of the solution of the nonlinear Riccati equation, which
has great theoretical and practical significance. This implies the relevance
of the problem of studying operator Riccati equations to substantiate the
dynamic programming method and solve the synthesis problem.

Let H- real Hilbert space. Let us consider a controlled object, the state
of which is described by the following dynamic equation with Cauchy data

[1]:

F#(t) — ax(t) — AjAx(t) = ui(t) + qua(t) + f(t), O <t < T< 0, (1)

2(0) =20 € HA)(D(A), #(0) == € H, (2)

where number a < 0, the operator A A satisfies the following conditions, the
totality of which we denote by (A): A, A; linear unlimited operators, with
dense domains of definition D(A) C H, D (A,) C H; the conjugate operator
A*Af also has a dense H domain of definition D(A*AY). It is believed that ¢
and f(t) are given elements from H and L,(O, T ; H) respectively, and
control functions wu;(t) € Ly(O,T;H), ux(t) € Ly(O,T). The quadratic
functional is minimized (ty = 0)

Tltour(), ua()] = as [[£(T) — &ol*+ ar £ (T) — &
T 2 2 2
+ [ [alla oI +aa () = a()P + as O + asud (1)) de. (3

where are the given numbers ao and a; functions ay(t), az(t) € L»(0,T)
are non-negative and ag + a; + a2 + az # 0, and the numbers a4 > 0,
as > 0 are such that a4 + a5 # 0; elements are also specified ¥ ¢, | €
L,(O,T; H); &, & € H. Moreover, if T'= oo, then ag= a1 =0.

Let us define the following two classes of arbitrary functions x(t)
(T < 00):

B(O,T; H)={z(t) : = € W}(0, T; H)(\C'(O,T; H); x(t) € D(A), ¥t € [0, T]},

BYO,T;H)={x(t) :2 € W,;(0,T; H) (| C'(O,T; H); x(t) € D (Al
, VtE[O, T])

We will say that x(t) there is a solution to problem (1), (2) from the energy
class (e.k.),ifx € B(0,T; H),
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lim () = ol 14y = 0, i [(t) — 1]l y = 0

and the function z(t) satisfies equation (1) in the sense of the integral iden-
tity

(& (), w(t))l, = / "0, ) + (1), w(t) + (A (1), Aw(t))

ty
+ (ul(t) + qu2(t), t1<ty,Vwe B (O,T;H).

Here, we considered Vt;, tr € [O, T'] (if T'= oo, then t, < T').

Let us assume that problem (1), (2) for any u; € L,(O,T;H), uy €
L,(0,T) has a unique solution from the e.k. If the operator A;A is such
that the solution to problem (1), (2) under any controls belongs to the e.c.
only on a finite segment [O, T'], then problem (1)-(3) should be interpreted
as the problem of finding a control such that the solution to problem (1), (2)
belonged to the e.k. and at the same time, functional (3) took a minimum
value. Then problem (1)-(3), due to the strong convexity of functional (3),
has a unique solution, i.e. the only pair (uj,uz), w1 € Ly(O,T; H), up €
L,(0,T) of controls that implements the minimum of functionality (3).

The problem of optimal control synthesis is to find controlsu § ,n =1, 2
that satisfy the following conditions:

(i) Vt € [O,T] controls u2 are functions of w(t) = {x(t),&(¢)}, i.e. ud =
up[t] = up (8 w(?t));

(ii) controls uf[t] € Lo(O,T; H),us[t] = L»(O,T),Vx € B(O,T; H);
(iii) when u,(t) = ug[t] problem (1), (2) has a unique solution from B(O,T; H);

(iv) on this pair (u,uy) of controls u,(t) = u2[t], n = 1,2, functional (3)
reaches its minimum value.

Let's start solving the formulated problem using the dynamic program-
ming method. Let's denote:

V=VI[taxzt),z(t) =V[,wt) = nq}inI[t, ui(+), up(+)], t > 0.

Then, by virtue of the optimality principle, we obtain (Vt € [O,T]).
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Un ()

t+AL
Vt,w(t)] = min {/t [ax(t) [|2(r) =o(r)|* +as(t) |14 (1) =21 (7)|*

+ay ||uy (7)|]* +asud(T)]dr + V[t + At,w(t+ AD)]}.  (5)

Note that by definition the functional V' is defined V¢t € [O,T]| on B(O,T; H)
and is a continuous function of ¢t € [O,T]. Let us assume that we are V
almost V¢t € [O,T] strongly differentiable with respect w(t) to the norm
H @ H and have the usual summable derivative with respect to t. Then we
will have

Vit + At w+ Aw| — V[t w] = %AH@@, w,Aw) +o1,  (6)

where o) is an infinitesimal quantity depending on ¢ and w(¢) in the norm of
space H@ H;o1/a: — 0, At — 0, ® is the Fréchet derivative, calculated at
a point (¢, w) and being a continuous functional in H @ H, i.e. ® Vt € [O,T)
representable in the form

O, w, ; Aw) = (91(1), Az(t)) + (92(t), Az (1)), (7)

where ¥, (¢t) € H, n = 1,2, Vt € [O,T]. Let us additionally assume that
Y, € B*(O,T;H). For (9,(t), Ai(t)) we obtain an expression that takes
into account identity (4):

(Ax(t),0,(t)) =
t-+AL .
/t [(&(7),92(7)) + a (&(2), 02(2)) + F (Az(7), Ajda (7)) + (wr(7) + qua(T)
+f(7), uz(7))]dr — (&(t + At), A (1)) . (8)

Now, passing to the limit at At — 0, from (5) — (8), we obtain the following
problem for determining the functional V' (almost V¢ € [0,T1]):

%/: inig[F (t,w(t),9(t)) + as [ur (8) > + asu3(t) + (ur(t) + qua(t) + f(2), ?92(75))] :

F(t,w(t), 0(8)) = (&(¢), 91(8)) + = (Ax(t), A792(8)) + az(t) () = o(t)|?

+az(t) () = er (D7, 9(t) = {91(2), Da(t)} - (9)
V[T, w(T)] = ao||2(T) = &l* + a1 [#(T) - & (10)
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Under the above assumptions, equation (9) should satisfy almost V¢ €
[0,T]. Equation (9) is a nonlinear equation in private functional industries.
If there is an optimal triple (VO, u?, ug), then in order to justify the above
diagram of the dynamic programming method, it is necessary to establish
execution for V? the following conditions:

1) VO[t,w(t)] >0,vt€ [0, T]|,Yz € B(O,T; H);

2) VOt,w(t)], vt € [O, Tis a continuous functional on
B(O,T; H)and tcontinuously depends on;

3) VO [t,w(t)] differentiate according to Frechet ; 9" summable by [0, T];

h(t)ye H Vte|O,T],¥, € B(O,T;H).

From equation (9) it is easy to determine the law of “optimal” control:

1 1

u(t) = —274192(15): us(t) = “as (q,92(1)) - (11)

2 Systems of operator equations and methods for their
solution

We will look for a solution to problem (9), (10) in the form

Vit w(t)] = (K®wt), wt)) gem + (1), wt) ge i + 1(b), (12)

where 7)(t) is a scalar function, the operator matrix K (¢) and vector () have
the form:

K K
KO = || - #0= a0 0}

It is assumed that V¢ € [O, T the operators K;j, 1,7 = 1,2 are self-adjoint
in H and K1;(t) >0, Kpxn(t) > 0. Since the calculations given below are
formal, we will not clarify the smoothness of operators K;;(t) and functions
for now ¢(t), n(t). According to formulas (6), (7), we easily find

¥(t) = 2K (t)w(t) + ¢(t). (13)
Substituting the values for %—‘; and ¥(t) from (12) and (13) into (9) and (10),

we obtain the following systems of differential operator Riccati equations
and linear equations (Vz € D(A), b; = as_lq(q,Kiza:), i = 1,2, Ky €
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D (Af), Kny € D (Af),Vy € H)

(K'yyz,y) + 2 (Az, AT K1py) — (@ZlKux + b1,K12y) + ax(x,y) = O,
(K pa,y) + 4 (Az, AT Kny) + a (2, Kipy) + (K pz,y) — (aZIKlz + thzzy) =0,
(K 5w, y) + 2a (z, Kny) + 2 (Kipa,y) — (a;lngx + b, Kzzy) +az(z,y) =0, (14)

(Kll(T)xa y) = ao(CL‘, y)> (K12(T)CL‘, y) =0, <K22(T)xa y) = (11(:19, y)? (15>

{(cpll)x) + | (ATQOZ,AI) - (a;1@27K12m) - (9023 bl) - 2(12 (1/10,33) +2 (f7 K12x> = Oa

(2 + o1 = 2a391,9) + ale,y) — (a3 ' 02, Kapy) = (2,02) +2(f. Kzay) = O,
(16)
(1(T),2) = =2a0 (o, 2); (p2(T),y) = 2a1 (&1,9) Yy € H, (17)

n(t) = ao &l +ar &

- /T {az(f) 1o, (P12 + as(7) ln, (PP e+ (£(7), (92(7))

~L @@ e @ 09

Thus, to determine the optimal pair, (uy,uy) you first need to solve the
nonlinear problem (14), (15), then, with the K, and found K»;, solve the
linear problem (16), (17). With known operators K;;(t) and functions, ¢;(?)
we will find the required vector ¥(¢). Finally, substituting the already found
value ¥, (t) from (13) into (11), we obtain the law of the synthesizing optimal
pair of (u;,up) controls.

In system (14) — (18), the main difficulty is the choice of a function space
and the study of the regularity of the operator in it K(t). In this paper,
using the method of spectral decomposition of non-self-adjoint operators,
explicit representations of the operator are constructed K (t), its properties
and related issues of optimal control synthesis are studied. If f = v, =
1 =&, =& = O, then formally we assume that n(t) = ¢;(t) =0, i =1,2.
Consequently, system (14), (15) must be solved independently of the others.

3 Application of the spectral decomposition method

Additionally, we propose that the eigen and associated elements (e.a.e.) xﬁ
of the formal operator A; A and satisfy the equations

(Asf, Aty) + (Mah +of_1,y) =0, Vaf € D(4), vyeD(4]),
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whereisk=1,2,...,h=0,..., mg—1, sup, mg < 0o, my the multiplicity
of the proper element x§ and it is assumed that xf =0,i1<0,k=1,2,...;
eigen value )\i are valid and A\, > 0,k =1,2,...; \y — 00, k — 00; e.a.e. 9,
conjugate operator A*A* satisfy the following relations: ¢ € D (A*) (V¢ =

<0,6=1,2,...),
(Az, A705) + (2, NS + 95, ) =0, Vo € D(A);

and the system (a:fl,ﬁf,) is biorthogonal and forms a Riesz basis in H.

If A = A* = A, then A? the operator is considered to be itself conjugate,
k=1,2,...its eigenvectors ¢* form a complete orthonormal system.

Let us assume that A} = A* = A, ¢ = as = a = 0, then we will look for
a solution to system (14), (15) in the form

i DeF ook, K1) = [Ky®)l, Kalt) = Ki(t),

ak(t) Br(t)
Sk(t): Bk(t) 'Yk(t> , 4,7 =1,2. (19>

Then, assuming z = ¢*, y = ¢!, from (14), (15) we obtain the following
Cauchy problem for a countable system of ordinary differential equations
of Riccati type, after replacing the variable ¢t — T — t which (we keep the
previous notations for the unknowns ay, , Bk, ) has the form:

ok () + 20 Bk () + aj ' BR(8) — aa(t) =

B k( )+ AR(t) — ak(t) + ay (1) (t) (20)
7 k(8) = 28u(t) + ag i (t) — as(t) = 0,
ar(0) = ag, Br(0) =0,7(0) = a. (21)

The local solvability of the system of nonlinear equations (20) is proven.
Let us introduce a Banach space mC10,T] over a set of arbitrary ones with
continuous [0, '] vector functions

(=12, h =0, ,m—1) 2(t) = {2F(1)} = {ab(t), BE(®), 7 (1)} such

that

12l e = supmaz| Ag2af (0)| +supmaz| A1 g(0)] + supmaz |1 ()] < oc.
k,h t k,h t k.h t
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Moreover, if my = 1, then h = 0. Let's put z(t) = {z,’f(t)} ,

2(t) = {ab(t). BE®). KD}, an(t) = af(0),

Bi(t) = B (), m(t) = 16 (2)-

Let {go’,?b} be a complete orthonormal system in H. By H (A%) de-
notes the Hilbert space of all elements x defined by series of the form
=300, S Aakok, Va = {aﬁ} € I§. For any two elements x and y
from H(\) we set

(T, 9) () = ZZAiaalﬁbk (a,b)ig; Hx”H(Aa = (z,7) g(re)-
=1

The following has been proven

Theorem. Let the conditions (A4), A =A"=A, g=a=a5=0, T <
oo. Then there is an interval [Ty, T] C [O, T] in which problem (14) (15) has
a unique positive-definite solution H@® H represented K (t) = || K;;(t)|| by the
series from (19). The indicated series for K1(t), Ki2(t) and K (t) converge

uniformly in ¢ € [Ty, T], respectively, in the norms £ (H ()\2) ,H) , L(H(\),H)
and L(H, H), their sums are self-adjoint operators in H; K(t), K (t), Vi €
[To, T'] positive definite in H. The relations are fair A = [Ty, T,

Kn(t), K¢ LOH H), Kn(t) € C (AL (H (W), H)),

Kia(t) € C (A L(H(N), H)),
En(t) € C (A L(H, H)), K(t) € C (AL (H(N) o HO),Ho H ),

K'1i(t) € Ly (A;c (H ()\3) H)) , K'ia(t) € Ly (A;E (H (/\2) H)) ,

K'»(t) € Lo (A L(HN), H)), K'(t) € Ly (A; c (H ()\3) o H (Az) JH e H)) :
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In that particular case, important for practice, when in the problem
ax(t) = az(t) = 0, the solution to problem (2.18), (2.19) is obtained in
explicit form:

an(®) = 2 e = -2 = e
zk(t) = (21(2: - all> sin® \g (T —t) + e sin 2\ (T —t) + ;t +a;! >0,

T—t 1 (X 1 1 1
)= — ——— | 2 — = ) sin? M\(T—t)———— sin 2\, (T—t)+— > 0,
T (t) 3 ( a1> sin” Ay ( ) daaxl sin 2 ( )+a0

1 A1
Ak(t) = ap()z(t) — ya(t) = daid <a§ - al) sin 2, (1" — t)
K

N T—t\/T—-t 1 1
Pl el ( 7)_ in? A\ (T —¢) >0
A <a0 + 2a4> 2ay4 +a0 dag\} sin” A ) >0,

ar®t) - Bat) =1>0, k=12, ....

Using the above method for solving problem (20), (21), an explicit solu-
tion to the system of Riccati equations can also be constructed in the case
when ¢ # 0, ap= a3 = 0. We will not dwell on this here.

Note that for the operators S(t)and K (t), formed using the solution (22)
of problem (14), (15), when ay= a3 = 0 asserting the theorem, are valid
throughout the entire space mC[O, T, which shows the naturalness of the
introduced space mC[O, T for the solvability of problem (14), (15)

In the case when the operator A A is not self-adjoint and its s.e. forms
the Riesz basis, the application of the spectral decomposition method to the
solution of problems (14)-(18) requires a special construction, but in this
case it is possible to prove similar theorems on the solvability of the Riccati
operator equations, and finally, it is possible to substantiate the dynamic
programming method.
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4 Application to the problem of optimal design of a
circular arch

Let us consider a curved thin rod of constant cross-section, the axis of
which is an arc with radius a. The rod is subject to uniform unilateral
external pressure p; a- bending [3] rigidity of the rod. Then the dynamics
of displacement v = wu(¢,x) of a particle of a curved thin rod (convex
circular arch) in the presence of an additional external force F(¢,z) can be
represented as:

u — Au = q(@)p1(t) + qa(2)pa(t) + f (¢, x) = F(¢, 2), (23)

where A is a sixth-order differential operator: Au = u(é)—l—alu(“)—i—azu”, ap =
24y =L+ 2
Initial boundary conditions:

U’(va) = 901(‘77)’ u:5<0a l‘) = WZ(x)v
w(t,0) = uz(t,0) = uger(¢,0) =0, =0, (24)
w(t,l) = ugp(t,l) = uge(t,1) =0, z=1.

An investigation shows that the operator A associated with the boundary
value problem (23)-(24) is a self-adjoint operator in L,(0,[), and has in it a
linearly independent orthonormal system of basis functions corresponding
to the eigenvalues. Assuming v = e®, vk) = \keA L =0,1,...,6, from
boundary value problem Av + pufv =0, a; > 0; az > 0, v(0) = v (0) =
0" (0) = 0; v(l) = v'(I) = v"(I) = 0 we obtain the following characteristic
equation for A:

N o X + oA + b = 0. (25)

Let's put A* = 7, v = v—%-. Then equation (25) is reduced to the following
cubic equation:

2 3 2
ajy o7  10aj

P4br+qg=0, p=ar— 5 + p° (26)

where «y, oy positive numbers and are determined from equation (23).
Now, using the Cardan formula, we can write out the solution to equation

(26):
3 3
3 g ¢ b | q \/q2 b
”_J 2+\/4jL 27 +J 2 Vet
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2 3
If: 1) D= —108 ((JZ —l—b— ) < 0, then equation (26) has one real and two
conjugate complex roots; 2) D = 0, all roots are real, and two of them are

equal to each other; 3) D > 0, equation (26) has three different real roots.

Since p is an eigenvalue of the operator A and, ur — 0o, kK — 00, we can
assume that after a certain index k the discriminant D < 0. Then equation

(26) has one real root aund2 two mutually conjugate complex roots. However,

note that the expression T +——and number ¢ after some index k are always

positive, then the correspondiiig root of equation (26) will be a negative real
number. The other two roots are mutually conjugate complex. On the other
hand, v = v — %' then ~, corresponding to negative v will also be negative,
and complex conjugate roots will correspond to complex conjugate roots.
And so we conclude that one of the roots v is negative, the other two are
complex conjugate.

Now from the substitution A\> = v it follows that for negative v we have:
A = £i,/—7 . Consequently, all roots A are complexly conjugate. Thus, we
obtain three series of complex conjugate roots of the characteristic equation
(25). Let's designate them: Ay = & + i0pk, n = 1,2,3; k =1,2,3,....
The solution to the corresponding M, differential equation Av + pbv = 0
has the form:

vp(x) = € (Cyy, cos O1px + Coy sin 0),x)
+eSok (C5, cos Oppx + Cyy sin Opx) +eS3k (Cs, cos Ozpz + Csy sin O3

Constant parameters Cp,, m = 1,2,3,4,5,6 are determined from the
boundary conditions.

In problem (23), (24), we take as control functions p;(t), p,(t), f(t, ).
The functions g (z) and ¢»(x) on the right side of (23) are considered given
and characterize the shape (geometric) of external forces acting on the arch
along the axis Oxz. The function f(¢,x) expresses an arbitrary external
force. Note that in many control problems with a boundary (inhomogeneous
boundary conditions), using a special substitution the problem is reduced
to a homogeneous one, but with the right-hand side of the type of F(¢, ),
such images we can assume that the case when control is carried out from
the boundary is also considered. The integral is taken as an optimality
criterion:
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T rl
Tito, 020, £t )1 = [ [ [orel + o + Bof(t.2)] ot
T
[ (Bt +pmd0] dt o +ad £ 0, BG4 s A0 (20)

Required to find control functions f(t,z) = f(t,w), pi(t) = pi(t, w),
p2(t) = pa(¢, w) as a vector function of the state w = w(t, z) = {u(t, x), u(t, z)}
—of the solution to problem (23), (24) and such that the functional (27) takes
the minimum possible value ( T'— fized).

Problem (23), (24), (27) is a special case of problem (1)-(4), therefore its
solution is obtained from the above diagram.

In structures of sufficiently large height or length, determining the pa-
rameters of stable modes and studying a model for the optimal design of a
circular arch are an important task of modern applied science.
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